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in Non-commutative Two-dimensional Real Space  
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This paper describes the Schrödinger equation for Harmonic-Linear and Colombian H.L.C. potential that was solved by 
applying the Boopp's shift method to first order in the non-commutativity parameterθ in non-commutative two-dimensional 

spaces. The modified energy levels at the fundamental state and first excited states are obtained by applying perturbation 
theory. The non-commutative Hamiltonian is constructed and the new spectrum was obtained which was produced from two 
modes of interactions: the first one is the effect of an external magnetic field while the second is spin-orbital interaction. The 
degenerated states are determined for a given orbital quantum numberl . 

 
 
 

1.     Introduction 

In the last century, the modern physics has known 
two major revolutions: the standard model and 
general relativity. Although, some problems such 
as the divergences in quantum field theory and the 
unification of gravitation with standard model 
remained to be unsolved. Recently, the relativistic 
Dirac and non-relativistic Schrödinger equations 
played a crucial role in describing many quantum 
phenomena in gauge theory, standard model and 
quantum mechanics at high and low energies, 
respectively. Furthermore, the exact solution for 
Colombian and harmonic oscillator potentials in an 
arbitrary number of spatial dimensions would be 
interesting since they represent typical models in 
quantum mechanics and Dirac theory (e.g., in two- 
and three-dimensional spaces) [1-18]. A new 
concept of space-time, known as non-commutative 
space-time, represents some hope to obtain a new 
and profound interpretation at Planck's scales for 
solving the divergence problem. The non-
commutativity is introduced in many ways. The 
simplest approach is when the position and 
momentum operators obeys the Heisenberg 
commutation relation, which is similar to quantize 
space-time coordinates, when αββα xxxx ˆˆˆˆ ≠  and 

αββα θ≥∆∆ xx . The formalism of star product, 

Boopp's shift method and the Seiberg-Witten map 
play a fundamental role in this new theory. The 
rich mathematical structure of the non-
commutative theory gives hope to get a better 
understanding of physical phenomena at small  dis- 
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tances and thus gives further hope to solve the 
above mentioned problems. The non-commutative 
space satisfies a new mathematical product, which 
replaces the old ordinary product, is known as the 
star product, denoted by ( ) ( )( )xgxf *  [19-32] and 
defined as 
 

( ) ( ) ( ) ( ) ( ) ( )xgxf
i

xgxfxgxf ji
ij ∂∂−= θ

2
*        (1) 

 

The real parameters ijθ  are an anti-symmetric real 
matrix of dimension length-square. In the particular 
case, if applying the above equation on the 
operator's position, one gets the important 
commutation relation 
 

ijji ixx θ=




 *

,                          (2) 

 
Throughout this paper the natural units 

( )1== hc   and 
2
1=µ  are employed. The Boopp's 

shift method will be used instead of solving the non 
commutative Schrödinger equation by using star 
product procedure [19,33,34] 
 

[ ] [ ] 0ˆ,ˆ and ˆ,ˆ == jiijji ppixx θ       (3) 

 
It is clear that non-commutativity concerns only 
special operators in the non-relativistic Schrödinger 
equation. The star product is replaced by the usual 
product together with a Boopp's shift given as 
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==
=−= θ

              (4) 

 

Where, 







ii px

..

,  and H represent the dynamical 

canonical equation and the Hamiltonian operator of 
the quantum system. 

In this article, we want to study the H.L.C. 
potential in non-commutative two-dimensional 
space (NC 2D), the physical importance of this 
study appeared in nuclear physics [9]. The article is 
organized as follows. In Sec. 2, we briefly review 
the Boopp's shift method. In Sec. 3, we briefly 
review Hydrogen atom in two-dimensional space 
with H.L.C. potential. In Sec. 4, we derive the 
deformed Hamiltonian of the Hydrogen atom with 
H.L.C. potential in NC 2D real space. We solve 
this equation by applying perturbation theory to 
obtain the NC modification of the energy levels. 
Finally, in Sec. 5, we draw our conclusions. 

2.     Mathematical and Physics Formalism of 
Boopp's Shift Method 

In this section, we shall recall the Boopp's shift 
method. This method is a consequence of star 
product between the operator of potential and the 

wave function in NC space ( )xV ˆˆ  and ( )x̂Ψ̂ , 
respectively. We replace the star product with the 
usual product together with following translation 
[19,33-35] 
 

( ) ( ) ( ) ( )xxVxxV Ψ→Ψ ˆˆˆ*ˆˆ                  (5) 

 
Where,x̂ is defined by Eqn. (4). Based on [34-36], 

the new commutator [ ]yx ˆ,ˆ  and the operator 2r̂  in 

NC 2D space are given by 
 

[ ]




−=

=

zLrr

iyx

θ
θ

22ˆ

ˆ,ˆ
                        (6) 

 

Here( )12θθ ≡ . Now, based on Eqn. (6), we can 

obtain after a straightforward calculation the 
following three operators to be used in Sect. 4 so as 
to apply Boopp’s shift method on the modified 
Schrödinger equation as 
 









+=
−=

−=

zrrr

z

zr

L

Lrr

Lrr

32

1
ˆ
1

22
2

ˆ

ˆ

θ

θ

θ                           (7) 

3.     The H.L.C. Potential in Ordinary Two-
dimensional Space 

We present the Schrödinger equation with H.L.C. 
potential, which depend only on the distance r in 
ordinary two-dimensional space. The best 
mathematical formulation is to work on the polar 

coordinate ( ),,ϕrr  in which we have both the usual 

Schrödinger equation and the H.L.C. potential, 
respectively as 
 

( )( ) ( ) ( )
( )

r
c

m

brarrV

rErrV

++=
Ψ=Ψ+− ∆

2
2 0                 (8) 

 

Where, 0m  is the mass,  ∆  is the Laplacien in 

polar coordinates,a ,b  andc  are arbitrary 3-real 

numbers representing, electric field, 2

2

1 ωm  and 

( )eZ− ), respectively, E  the energy, and the 

wave function ( )rΨ  written as 

 

( ) ( ) ( )ϕΦ=Ψ
r

rR
r m                       (9) 

 
Where, ( )ϕΦ  and ( )rRm  are the angler and radial 

functions, respectively. The complete (wave 
function and energies) corresponding to stationary 
state, first excited starts and pth order excited states 
are, respectively [9], as   
 

( )( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( )

( )( ) ( ) ( )
( )














++=

−−++=Ψ

+=−+=Ψ

+=±−=Ψ

−

+−

+−

pmbE

rrrraraar

mbErraar

mbEimrar

p

c

c

bp
p

p

b

brar

b

brar

12and

exp...

22andexp

12andexpexp

4
4

2

410

1210
1

020
0

2
1

2
2
1

2
2
1

δ

δ

δ ϕ

 (10) 
 
Where, 2

1+= mδ . 
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4. H.L.C. Potential in Non-commutative Two 
Dimensional Real Spaces 

The Schrödinger equation in the NC 2D space can 
be determined from the relation postulated as 
follows 
 

( ) ( ) ( )rErrV
m NC ˆˆˆˆˆˆ

2

1

0

Ψ=Ψ∗







+∆−         (11) 

 

Where, ( )r̂Ψ̂  is the complete wave function and 

( )rV ˆˆ  is the operator potential and AmE p θπ21 ≡  is 

the non-commutative eigenvalues of the energy 
associated with H.L.C. potential. We shall begin by 
applying Boopp's shift method to above equation, 
the deformed Hamiltonian operator hlcH  associated 

to H.L.C. potential in NC 2D space, which is 
determined by the following equation 
 

( )rV
m

H hlchlc
ˆ

2 0

+∆−=                (12) 

 
Where, the deformed operator of H.L.C. potential 

( )rV ˆ  is given by   
 

( ) r
c

hlc rbrarV ˆ
2ˆˆˆ ++=                   (13) 

 
Then, Boopp’s shift methods imply the following 
Schrödinger equation in NC 2D space  
 

( ) ( ) ( )rErrV
m NChlc Ψ=Ψ








+∆− ˆ

2

1

0

          (14) 

 
Now, it is clear from Eqn. (7) that we can deduce 
different terms of ( )rVhlc ˆ  as 

 

zr

c
r
c

r
c

zr
a

L

brrb

Larra

32ˆ

22
2

ˆ

ˆ

θ

θ

+=
=

−=
                       (15) 

 
Which, allows us writing the potential ( )rVhlc ˆ in the 

following form 
 

( ) ( ) ( )rHrVrV phlchlc −+=ˆ               (16) 

 
Where, ( )rV  is the ordinary potential, the additive 

new term ( )rH phlc−  takes the form  

 

( ) ( ) zr

c
r

a
phlc LbrH 322 +−−=− θ             (17) 

 
The obtained modified potential ( )rH phlc− is 

proportional to smallness parameter θ and then we 
can apply the perturbation theory to obtain the 
modification to the energy levels NChlcE −  

 
( ) ( )( ) ( ) ( )dsrbrmE p

mr

c
r

ap
mNChlc Ψ+−−Ψ∫= ∗

− 322θ (18) 

 
Where, ϕrdrdds= , and m  is the eigenvalue of 

.zL If we apply the generalized Eqn. (23) to the 

fundamental state, the NC modification of the 
energy levels, in the first order of θ , will be 
determined by using Eqns.(10), (17) and (18) as 
 

( )CBAmE m ++= θπ20                (19) 

 
Where, the 3 factors A, B and C  are given by 
 

( )
( )
( )














−−∫=

−−∫−=

−−∫−=

−−
∞+

−+
∞+

−
+∞

drrrbraC

drrrbrbaB

drrrbraA

b

ac

b

a

b

aa

2122

0

2
02

2112

0

2
0

212

0

2
02

exp

exp

exp

δ

δ

δ

    (20) 

 
Now, using the special integral [35]   

 

( )

( ) ( )






















Γ

=−−∫

−
−

−
+∞

β
γ

β
γβ

γβ

28
exp2

exp

2

21

0

2
v

v

Dv

dxxxx

v
 (21) 

 
Where, vD− are the parabolic cylinderical functions 

and a condition, ( 0)(Re fβl  and 0)(Re fvl ). 

This allows us to obtainA , B and C  as follows  
 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

























Γ=











Γ−=











Γ−=

−−

−

+−

−

−

−

−

+

4
3

2
22

4
3

2
12

4
3

2
2

2
22

2
02

2
12

2
0

2
2

2
02

22

22

22

b

ac

b

a

b

aa

DbaC

DbbaB

DbaA

δ

δ

δ

δ

δ

δ

δ

δ

δ

    (22) 

 
After a simple calculation, we obtainmE0 as 

 
( )cbaFmE m ,,0 θ=                    (23) 
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Where, ( )cbaF ,,  is given by 

 

( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 



































Γ











Γ−











Γ−

=

−−

−

+−

−

−

−

−

+

4
3

2
22

4
3

2
12

4
3

2
2

2
22

2
02

2
12

2
0

2
2

2
02

22

22

22

2,,

b

ac

b

a

b

aa

Dba

Dbba

Dba

cbaF

δ

δ

δ

δ

δ

δ

π

δ

δ

δ

 (24) 
 

Furthermore, the non-commutative 
modification of the energy levelsmE1 , in the first 

order ofθ , corresponding to the first excited states, 
and determined by using Eqns. (10), (17) and (18) 
as 
 

dr
b

brar

ArArA

rArArA
mE m










 +−
























++
+++

∫= −+

−−∞+

2
exp

2

2

6
22

5
21

4

32
3

12
2

2
1

0
1 δδδδ++++22rδδ

δδδ

θπ
 

(25) 
 

If we introduce the notation 
 

2
101

2
0

baa2ba

ba

−−−−−−−−

−−−−

===

=== +

62524

2322011

 and,

,,,
2
1

2
0

2
0

2
1

2
0

AAA

AAaaaA
aaca

cacaaa

(26) 
 
Then, Eqn. (21) will become 
 

∑−=
=

6

1
1 2

α

αθπ AmE m                    (27) 

 

Where, αA  are given by 
 

( ) ( )
( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )drrrbAA

drrrbrAA

drrrbrAA

drrrbrAA

drrrbrAA

drrrbrAA

b

a

b

a

b

a

b

a

b

a

b

a

−−∫=

−−∫=

−−∫=

−−∫=

−−∫=

−−∫=

∞+

−−
∞+

−+
∞+

−−
∞+

−
∞+

−+
+∞

2

0
6

6

2112

0
5

5

2122

0
4

4

2122

0
3

3

212

20
2

2

2112

0
1

1

exp

exp

exp

exp

exp

exp

132r −−−−++++δδδδ

δ

δ

δ

δ

δ

     (28) 

Using the special integral (26), we obtain the 
following values  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) 









+Γ=











−Γ=











+Γ=











−Γ=











Γ=











+Γ==

−−

−

−−

−

+−

+−

−−

−

−

−

+−

−

+

−

−

+

2
3

2

32

2
3

2

12

2
3

2
3

2
22

2
3

2
2

2
3

2
12

2
126

6

2
125

5

2
1

1

4
4

2
223

3

2
22

2

2
121

11

322

122

222

222

22

122

b

a

b

a

b

a

b

a

b

a

b

a

DbAA

DbAA

DbAA

DbAA

DbAA

DbAAA

δ

δ

δ
δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

δ

(29) 

 
Which, allows us to obtain the non-commutative 
modification of the energy levels of the electron in 
the first excited states mE1  

 

∑=
=

6

1
1 2

α

αθπ AmE m                       (30) 

 
Now, the non-commutative modification of the 

energy levels pmE , in the first order of the 

corresponding pth order excited states, will be 
determined by using Eqns. (10), (17) and (18) 
 

AmEpm θπ2≡                           (31) 

 
Where, A  is given by 
 

( )[ ]

dr
r

c
b

r

a

r
c

r
c

b
rraaA p

p








 +−−














−−+∫=

∞+

3

42222
0

0

22

22
exp... δ

 (32) 
 

We summarize the obtained results for energy 
levels ( mNCpmNCmNC EEE −−− ,, 10  ) corresponding to 

first order of ,θ  to the stationary state, the first 
existed states, and the pth excited states, 
respectively as 
 

pmpmNCp

mmNC

mmNC

EEE

EEE

EEE

+=
+=
+=

−

−

−

111

000

                    (33) 
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Then, we have the explicit obtained results as 
 

( ) ( )
( )

( ) AmpmbE

mAmbE

mcbaFmbE

mNCp

mNC

mNC

θπ

πθ

θ

α

α

212

222

,,12
6

1
1

0

+++=








∑++=

−+=

−

=
−

−

       (34) 

 
Now, in order to construct the NC Hamiltonian, 

this will be realized by two principal parts, the first 
is deformed NC Hamiltonian 1hlcH , which will be 

constructed based on Eqns. (8), (12) and (17), we 
can write 
 

( ) 














 +−−+







+++∆−= zr

c
hlc L

r

c
b

r

a
brar

m
H

3
2

0
1 222

θ

 (35) 
 

For a better understanding of the physical 
content of the operator 1hlcH , we dives it to 2- 

operators, 0hlcH  and mhlcH −   as follows 

 

mhlchlchlc HHH −+= 01                 (36) 

 
Where, the first operator is given by 
 

r
c

hlc brar
m

H +++∆−= 2

0
0 2

           (37) 

 
This operator represents a particle with spin )2/1(  

interacted with the H.L.C. potential in the ordinary 
2D space, as mentioned in Sec. 3. While the second 
operator mhlcH −  is given by 

 

zmhlc L
r

c
b

r

a
H 







 +−−=− 322
θ            (38) 

 
If we choose the parameter θ  and the magnetic 
field oriented in (Oz.) axes, we can obtain 
 










−=

=

=

BSBJL

kBB

B

z

rr

r

ααθ

αθ

   

      

                    (39) 

 

Where,J
r

is the total momentum. Using Eqns. (38) 
and (39), we can write the operator mhlcH −  as  

 

( )Zmhlc HBJ
r

c
b

r

a
H −







 +−−=− 322
α      (40) 

Where, ZH  represent the usual Zeeman effect in 

commutative space.The operator (Eqn. (40)) 
represents two interactions between a particle with 
spin )2/1(  and an external magnetic field. The 

first one represents the ordinary Zeeman effect and 
the new interaction represents a coupling between 

the total momentumJ  and external magnetic 

field B . Now, regarding to the relation (Eqn. (22)), 
which can be rewritten in the form 
 

( ) LS
r

c
b

r

a
rH phlc 







 +−−=− 3
2θ            (41) 

 
Which allow writing the perturbative term 

( )rH phlc−  as follows 

 

( ) 






 −−






 +−−=−

222

3
2

2
SLJ

r

c
b

r

a
rH phlc

θ
 (42) 

 

Furthermore, the operator ( )LS  is traduced 
physically the coupling between spin and orbital 
momentum, then the modified energy levels 
( )SONCpSONCSONC EEE −−− ,, 10  produced will be 

 
( )
( )





⇒

⇒
+=









⇒∑

⇒∑
+=





⇒

⇒
+=

−

=

=
−

−

downspin  2
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downspin  2

upspin  2

downspin  ,,

upspin      ,,

2

1

6

1
2

6

1
1

11

2

1
00

AL

AL
EE
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AL
EE

cbaFL

cbaFL
EE

hlc

hlc
pSONCp

hlc

hlc

SONC

hlc

hlc
SONC

θπ
θπ

θπ

πθ

θ
θ

α

α
α

α

  (43) 

 
Where, 1hlcL  and 2hlcL  are given by 

 
( )( ) ( )
( )( ) ( )

4
3

2
1

2
1

2

4
3

2
3

2
1

1

1

1

−+−+−=

−+−++=

llllL

llllL

hlc

hlc
           (44) 

 
Then, the second part of NC Hamiltonian and 
denoted by 2hlcH , which is given by the relation 

 

sohlchlchlc HHH −+= 02               (45) 

 
Where, the operator of spin-orbital interaction 

sohlcH −  takes the form 

 








 −−






 +−−=−

222

3
2 SLJ

r

c
b

r

a
H sohlc θ    (46) 
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On other hand, it is evident to consider 
infinitesimal parameterθ , the sum of two 
infinitesimal parameters1θ and 2θ , then the 

complete NC Hamiltonian equals the sum of three 
fundamentals parts: the first one can be seen from 
Eqn. (38), the second can be seen from Eqn. (40), 
whereas the last part can be seen from Eqn. (46). 
Thus, the final expression of deformed NC 
Hamiltonian hlcH  takes the following  

 

sohlcmhlchlchlc HHHH −− ++= 0          (47) 

 
It’s worth mentioning that the above obtained 

NC Hamiltonian is satisfies the physical 
superposition principal. Thus, the obtained NC 
Hamiltonian was extended to describe, in addition 
to the usual interaction in 2D space, two new 
physical phenomena, the modified Zeeman effect 
and the spin orbital interaction, which are 
introduced in the new theory automatically. 
Regarding Eqn. (47), we can deduce the total NC 
quantum spectrum of Hydrogen atom with H.L.C. 
potential, ( )msljENC ,,, , which is evidently equal 

to the sum of three values of energies 
( )210 ,, EEE , ( )SONCpSONCSONC EEE −−− ,, 10  and 

( )mNCpmNCmNC EEE −−− ,, 10  corresponding to 

( orH , magH  and orbspinH − ), respectively, as follows 

 
( )( )

( )( )
( )

( )
( )
( )




⇒+
⇒+

+=










⇒+





 ∑

⇒+





 ∑

+=





⇒+−
⇒+−

+=

=

=

downspin  2

downspin  2

downspin  2

upspin  2

downspin  ,,

upspin      ,,

121

111

221

6

1

121

6

1
11

221

121
00

θθπ
θθπ

θθπ

θθπ

θθ
θθ

α

α

α

α

hlc

hlc
pNCp

hlc

hlc

NC

hlc

hlc
NC

LmA

LmA
EE

LmA

LmA
EE

LmcbaF

LmcbaF
EE

 (48) 
 

It is possible to construct the diagonal 2-
elements  ( )11hlcH  and ( )22hlcH  of the NC 

Hamiltonian matrices hlcH , as it has been 

constructed in references [33,34] in the case of 
harmonic oscillator as 

( ) ( )
( )

( ) ( )
( )

















+−






 +−−+

+++−=

+−






 +−−+

+++−=

∆

∆

23

2
222

13

2
211

)2

2

0

0

hlcZ

r
c

mhlc

hlcZ

r
c

mhlc

LHBJ
r

c
b

r

a

brarH

LHBJ
r

c
b

r

a

brarH

θαα

θαα
 

(49) 
 

Now, it’s possible to give the number of energy 
levels for a fixed quantum orbital numberl , we 
have ( )12 +l  possible values of ( )lllm −−= ,...,1,  if 

we consider the spin-orbital effect, the eigenvalues 

of the operator J
r

 equal 
2

1±= lj , which allow us 

to consider ( )122 +l  values of energy for a given 

orbital numberl . Finally, we examine our obtained 
NC physical results and by the asymptotic limit of 
the parameter 0→θ , we can obtain all the 
ordinary 2D space results. 

5.     Conclusion 

In this paper, we solved the Schrödinger equation 
for H.L.C. potential by applying Boopp's shift 
method to first order of the parameter θ  in non- 
commutative two-dimensional spaces, the modified 
energy levels at the fundamental state and the first 
excited states are established. We have seen that 
the non-commutativity produced three sub- 
Hamiltonian operators, the first one naturally to 
describe the usual 10hlcH , the second sub- 

Hamiltonian mhlcH −  describes the new modified 

Zeeman effect, while the last sub-Hamiltonian 

orbspinH −  corresponds to spin-orbital interaction. 

Furthermore, the new energy spectrum is changed 
radically; it depends now on four quantum numbers 








 ±= sllj ,,
2

1
 andm . For a fixed number of 

quantum orbital numberl , we found that the 
number of energy states equals( )122 +l .  
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