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Spectrum of Schrodinger Equation with H.L.C. Potenial
in Non-commutative Two-dimensional Real Space
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This paper describes the Schrodinger equation &midnic-Linear and Colombian H.L.C. potential thaswalved by
applying the Boopp's shift method to first ordethie non-commutativity paramet@in non-commutative two-dimensional
spaces. The modified energy levels at the fundaahetéte and first excited states are obtainedppyang perturbation
theory. The non-commutative Hamiltonian is condedand the new spectrum was obtained which wasupeal from two
modes of interactions: the first one is the efféfcan external magnetic field while the secondoiis-®rbital interaction. The
degenerated states are determined for a giverabdpiaintum numbér.

1. Introduction

In the last century, the modern physics has known
two major revolutions: the standard model and
general relativity. Although, some problems such
as the divergences in quantum field theory and the
unification of gravitation with standard model
remained to be unsolved. Recently, the relativistic
Dirac and non-relativistic Schrédinger equations
played a crucial role in describing many quantum
phenomena in gauge theory, standard model and
guantum mechanics at high and low energies,
respectively. Furthermore, the exact solution for
Colombian and harmonic oscillator potentials in an
arbitrary number of spatial dimensions would be
interesting since they represent typical models in
guantum mechanics and Dirac theory (e.g., in two-
and three-dimensional spaces) [1-18]. A new
concept of space-time, known as non-commutative
space-time, represents some hope to obtain a new
and profound interpretation at Planck's scales for
solving the divergence problem. The non-
commutativity is introduced in many ways. The
simplest approach is when the position and
momentum operators obeys the Heisenberg
commutation relation, which is similar to quantize
space-time coordinates, whex, X, # X,X, and

%

Boopp's shift method and the Seiberg-Witten map
play a fundamental role in this new theory. The
rich mathematical structure of the non-
commutative theory gives hope to get a better
understanding of physical phenomena at small dis-

AXDXP > . The formalism of star product,
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tances and thus gives further hope to solve the
above mentioned problems. The non-commutative
space satisfies a new mathematical product, which
replaces the old ordinary product, is known as the
star product, denoted b{f (x)* g(x)) [19-32] and

defined as

13 o) = f(9al)-- 6%, F(o, o)

The real parameter§’ are an anti-symmetric real
matrix of dimension length-square. In the particula
case, if applying the above equation on the

operator's position, one gets the important
commutation relation
|:)§'Xj:|:igij (2
Throughout this paper the natural units

(c =h= 1) and 4 =1 are employed. The Boopp's

2
shift method will be used instead of solving th& no

commutative Schrddinger equation by using star
product procedure [19,33,34]
and |p,p,]=0

@)

It is clear that non-commutativity concerns only
special operators in the non-relativistic Schréding
equation. The star product is replaced by the usual
product together with a Boopp's shift given as
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%=x-2p p=p
[x.x]=0 [p.p]=0
Xi=[>§,H]and pi=[p,,H]

(4)

Where, (Xi, pij and H represent the dynamical
canonical equation and the Hamiltonian operator of
the quantum system.

In this article, we want to study the H.L.C.
potential in non-commutative two-dimensional
space (NC 2D), the physical importance of this
study appeared in nuclear physics [9]. The arigle
organized as follows. In Sec. 2, we briefly review
the Boopp's shift method. In Sec. 3, we briefly
review Hydrogen atom in two-dimensional space
with H.L.C. potential. In Sec. 4, we derive the
deformed Hamiltonian of the Hydrogen atom with
H.L.C. potential in NC 2D real space. We solve
this equation by applying perturbation theory to
obtain the NC modification of the energy levels.
Finally, in Sec. 5, we draw our conclusions.

2.  Mathematical and Physics Formalism of
Boopp's Shift Method

In this section, we shall recall the Boopp's shift
method. This method is a consequence of star
product between the operator of potential and the
wave function in NC spaceV(X) and®(%),

respectively. We replace the star product with the
usual product together with following translation
[19,33-35]

V(&) $(%) - v(x]P(x) 5)
Where X is defined by Eqgn. (4). Based on [34-36],
the new commutatoik 9] and the operatof® in
NC 2D space are given by

{

Here(ﬁ = 912). Now, based on Eqn. (6), we can

obtain after a straightforward calculation the
following three operators to be used in Sect. 450
to apply Boopp’s shift method on the modified
Schrddinger equation as

[%9]=i6
r2=r2-4

z

(6)
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F=r-21L,
P2=r?-4., @)
— 2
=iesl

3.  The H.L.C Potential in Ordinary Two-

dimensional Space

We present the Schroédinger equation with H.L.C.
potential, which depend only on the distamci

ordinary two-dimensional space. The best
mathematical formulation is to work on the polar

coordinateF(r,¢), in which we have both the usual

Schrddinger equation and the H.L.@otential,
respectively as

2 wv)of)-evf)

V(r)=ar+br?+<

(8)

Where, m, is the mass A is the Laplacien in
polar coordinates ,b andc are arbitrary 3-real

numbers representing, electric fiele;— mew® and

(‘ Z||e||)) respectively, E the energy, and the

wave function W(F) written as

9)

Where, CD(¢) and Rm(r) are the angler and radial

functions, respectively. The complete (wave
function and energies) corresponding to stationary
state, first excited starts an! prder excited states
are, respectively [9], as

)= ol Jting) ana =Bl

177 ex and E, =2/b(2+m)

_ ar+br?

LIJ(l)(F)= (3, +ayr)

_b_
e

and E, = 2\/5(1+ m+ p)

2 _ e 4
TI’

LIJ(")(F)= (ao +ar+.a;r p)ra_% exp(— r

(10)

Whered=m+1.
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4. H.L.C. Potential in Non-commutative Two
Dimensional Real Spaces

The Schrédinger equation in the NC 2D space can
be determined from the relation postulated as
follows

(_Lm\i(f)ju@(ﬁ)im@(ﬂ )

2m,

Where, QJ(?) is the complete wave function and
\7(?) is the operator potential arf ;, = 27/méA is

the non-commutative eigenvalues of the energy
associated with H.L.C. potential. We shall begin by
applying Boopp's shift method to above equation,
the deformed Hamiltonian operatét,,, associated

to H.L.C. potential in NC 2D space, which is
determined by the following equation

A
Hye = _ﬁ +Vh|c(r) (12)

Where, the deformed operator of H.L.C. potential
Vv (f) is given by
V,.(F)=af +bf? +< (13)

Then, Boopp’s shift methods imply the following
Schrddinger equation in NC 2D space

(—iA +Vh|c(f)}“(;): ENCLP(F)

Now, it is clear from Eqn. (7) that we can deduce
different terms o‘f/h,c( ) as

(14)

ar = r——L
b2 = br? (15)
sesrll,

Which, allows us writing the potenUMhlc( )m the
following form

Vhlc(r):v(r)+ thc—p(r) (16)

Where,V(r) is the ordinary potential, the additive
new termH h|c_p(r) takes the form

481

thc—p(r)ZQ(_zir_b-i-?%)Lz (17)

The obtained modified potentill,,_,(r)is

proportional to smallness parametand then we

can apply the perturbation theory to obtain the
modification to the energy leveB,, ¢

Epenc = 6M] w;p)D(F)(—Z% b +?°3)Lu;p> (’r)ds(ls)

Where, ds=rdrd¢, and m is the eigenvalue of
L,.If we apply the generalized Eqn. (23) to the

fundamental state, the NC modification of the

energy levels, in the first order ofl, will be

determined by using Eqns.(10), (17) and (18) as
E,y, = 27m&(A+ B +C) (19)

Where, the 3 factord, B and C are given by

A=-2g? (j) rz"‘lexp(—\/grz—%r)dr
B=-b& | I’25+1—1eX[{—\/BI‘2—ir)dr
0

C=%a; [ r¥™t exp(—\/Br2 -2 r)dr
0
Now, using the special integral [35]

x exp( - yx)

ealrien| £ D[ﬁj (21)

Where,D_, are the parabolic cylinderical functions
and a condition, Rel(f) >0 and Rel(v) >0).
This allows us to obtaiA, B and C as follows

:(edb) ¥ r2o). (j

Vb4
20+1

B = -ba? (2\/6)' 2 F(ZO“)D_(zm)(ﬁJ (22)

c=a(eb) * r(2s)D (ZH)(%J

J2b4

=—-29
2

After a simple calculation, we obtdliy, as

E,, = MEF(ab,c) (23)
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Where, F(a, b, c) is given by

_% 85(2\/_) ( aa]
J2b4
(Vﬁm%q%j
V24
20-2

sajlovb) * r(20) D—(za—z)(%]

V24
(24)

F(a, b,c):2 -b

Furthermore, the non-commutative
modification of the energy levels,,, in the first
order ofd, corresponding to the first excited states,
and determined by using Eqgns. (10), (17) and (18)
as

EE _ 22711169 I /\1r 20 + /\ r 25-1 +_/\ r 20-3 +
A I’l+26+A r26 2+A6I‘ 2428
ar+br?
ex dr
’{ 2b J
(25)
If we introduce the notation
2 ca? ca?
2
" °2° , A =% -2baa, andA, =-ba;
(26)
Then, Eqn. (21) will become
E,, = -2rm@y A’ 27)
a=1
Where, A are given by
26+1
=A jr exp( Jbr? & )
A2 = A j 2“ex;{—\/6r2 —ibr)dr
02
AT (20-2)-1 _ 2_ a
=A g r ex;{ Jbr ﬁr)

(28)

A4=A“Tr(25+2)_lexF(_\/Br2_%r)
= A jrz‘” ex;{ Jorz -
Asjrzm ex;{\/_r—T)

ﬁl
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Using the special integral (26), we obtain the
following values

= Alab) -

26+1

(25 + 1) D—(25+1)[L3j

J2b2

A= AZ(Z\/B)_%JF(M) D (25)(%)
Van?
A° = AS(Z\/B)_¥ r(25 2) D-(za—z)(;3 J

(20-1)
A = AJ(Z\/B) 2 r(25—1) D—(ZJ—l)( a3)
Vb2
(20+3)
A = AB(Z\/E T 2 1(25+3) D_(z(,_l)(%J
J2b2

Which, allows us to obtain the non-commutative
modification of the energy levels of the electran i
the first excited statds,

E, =2/mey A

a=1

(30)

Now, the non-commutative modification of the
energy level& in the first order of the

pm
corresponding P order excited states, will be
determined by using Eqgns. (10), (17) and (18)

E,m = 27M6A (31)

Where, A is given by

A:T[(a0 +..apr2")]2r25 ex;{—i\/_r2 —%r“}

0

(32)

We summarize the obtained results for energy
levels (Eyco-ms Enci-ms Encp-m ) COrresponding to
first order of 8, to the stationary state, the first

existed states, and the ™ pexcited states,
respectively as
Enco-m = Eo + Eom
ENCl—m = El + E1m (33)
ENCp—m = Ep + Epm
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Then, we have the explicit obtained results as Where, H, represent the usual Zeeman effect in
commutative space.The operator (Eqgn. (40))
Encoom = 2x/5(1+ m)—eF(a o c)m represents two interactions between a particle with
. ) o
Evrn :2\/6(2+m)+2n0(ZA")m (34) spm 1/2) and an externzfll magnetic field. The
a=1 first one represents the ordinary Zeeman effect and
Enco-m = 2\/E(l+ m+ p)+2rmHA the new interaction represents a coupling between
the total momenturd and external magnetic
~Now, in order to construct the NC Hamiltonian,  field B. Now, regarding to the relation (Eqn. (22)),
this will be realized by two principal parts, thesf which can be rewritten in the form

is deformed NC HamiltoniaH ,, , which will be

constructed based on Eqgns. (8), (12) and (17), we

a c\e=
can write Hhie-p (r)= 9(‘ P 2b+ r_sj SL (41)

H,, = _2A +(ar+br2+$) + ‘i‘bJ'%j'—z Which allow writing the perturbative term
m, 2r 2r Hh,c_p(r) as follows

(39)

g a C (22 w2 w2
For a better understanding of the physical thc—p(r)zz(_?_2b+F](J -L —Sj (42)
content of the operatét, ,, we dives it to 2-

operatorsH,, ., andH as follows

hle-m

Furthermore, the operator(gt) is traduced

physically the coupling between spin and orbital
(36) -

momentum, then the modified energy levels

(ENCO_SO, Enci-sos ENCp_SO) produced will be

Hpe =Hpeo +H

hlc-m

Where, the first operator is given by

__ A o E e A F(abc) = spinup
Hyoo = om +ar +br? +< (37) nco-so = Eo {a-hICZ F(a, b, ) = spindown
6
, . ) 2m,,, > A" = spinup
This operator represents a particle with siin2) Enaso = B+ g=1a . (43)
interacted with the H.L.C. potential in the ordipar 27t 4, HzlA = spindown
2D sptacii as m.ent.ione(z)in Sec. 3. While the second c e 271, ,6A = spindown
OPeratorti nem 1S given by Nep-so e T 27, BA=> spindown
a c .
Hiem = _E_b+?j L, (38) Where, L, and L, are given by
+ +3)-1(1 +1)-2
If we choose the parameté? and the magnetic b = (I )(I 2) I(I 1) 4 (44)
field oriented in (Oz.) axes, we can obtain L2 = (' %)(' +%)‘| (' +1)‘%
8=aB Then, the second part of NC Hamiltonian and
. . denoted byH, ., , which is given by the relation
B = Bk (39)

a,=alB-aB Hiez = Hpco * H hieso (45)

Where,J is the total momentum. Using Eqgns. (38) Where, the operator of spin-orbital interaction
and (39), we can write the operatdr, ., as H heso takes the form

a a (o] <2 o2 o2
Hyom =0 ———b+— (JB H ) (40) Hieso =6 ———2b+— (J -L —Sj (46)
2r 2r® r r
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On other hand, it is evident to consider
infinitesimal parameted, the sum of two
infinitesimal ~ parameter@ andd,, then the

complete NC Hamiltonian equals the sum of three
fundamentals parts: the first one can be seen from
Eqgn. (38), the second can be seen from Egn. (40),
whereas the last part can be seen from Eqgn. (46).
Thus, the final expression of deformed NC
Hamiltonian H . takes the following

Hpe = Hpeo +H +H (47)

hle-m hlc-so

It's worth mentioning that the above obtained
NC Hamiltonian is satisfies the physical
superposition principal. Thus, the obtained NC
Hamiltonian was extended to describe, in addition
to the usual interaction in 2D space, two new
physical phenomena, the modified Zeeman effect
and the spin orbital interaction, which are
introduced in the new theory automatically.
Regarding Eqgn. (47), we can deduce the total NC
guantum spectrum of Hydrogen atom with H.L.C.
potentiaI,ENC(j, I,sm), which is evidently equal

to the sum of three values of energies
(EO’ Ei’ EZ) ' (ENCO—SO' ENCl—SO’ ENCp—SO) and
(ENCO m» Encizms ENCp_m) corresponding to
(H, H, ., andHg;. ..,), respectively, as follows

(a,b,c)( 9m+9Lh,cl) = spinup

Eneo = Fa,b.c)-6m+86,L,,,)= spindown

Z Aa m91 +6,L0)= spinup

NCl

ZA"’ mé, + L., 6,) = spindown

277A(m6? + thcle) = spindown
271A(m9 + LB ) = spindown
(48)

NCp p

It is possible to construct the diagonal 2-
elements (H,.), and (H,), of the NC
Hamiltonian matricesl,.,, as it has been

constructed in references [33,34] in the case of
harmonic oscillator as

484

(thc (ar+br ++ )

( $_2b+—](a'JB aH, +oy)
(thc ——A (ar+br +)

( E_2b+—] (ajg—a’HZ+5Lh|c2)

(49)

Now, it's possible to give the number of energy
levels for a fixed quantum orbital numberwe
have (2I +1) possible values ofm:I,I - 1...,—I) if

we consider the spin-orbital effect, the eigenvsalue
of the operatorj equal j =1 t% , Which allow us

to consider 2(2I +1) values of energy for a given

orbital numbetr . Finally, we examine our obtained
NC physical results and by the asymptotic limit of
the paramete - 0, we can obtain all the
ordinary 2D space results.

5. Conclusion

In this paper, we solved the Schrédinger equation
for H.L.C. potential by applying Boopp's shift
method to first order of the parametér in non-
commutative two-dimensional spaces, the modified
energy levels at the fundamental state and the firs
excited states are established. We have seen that
the non-commutativity produced three sub-
Hamiltonian operators, the first one naturally to
describe the usu#l,.,, the second sub-

Hamiltonian H describes the new modified

hlc-m
Zeeman effect, while the last sub-Hamiltonian
H corresponds to spin-orbital interaction.

Furthermore, the new energy spectrum is changed
radically; it depends now on four quantum numbers

spin-orb

(j :Ii%,l,s] andm. For a fixed number of

quantum orbital numbér, we found that the
number of energy states equz( +1).
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