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Linear Stability Analysisof Fluid Flow between Two Parallel Porous Stationary Plates
with Small Suction and Injection

L. A. Hinvi' V. A. Monwanod and J. B. Chabi Orgu
Ynstitut de Mathématiques et de Sciences-Physiders- Novo, Bénin
’Département dBhysique, Université d’Abomey-Calavi, Bénin

In this work, the linear stability of the viscouscompressible fluid flow between two parallel horial porous
stationary plates with the assumption that theeedmall constant suction at upper plate and al mastant injection at the
lower plate is studied. The Navier-Stokes and cmmtis equations are reduced to an equation modifjethe suction
Reynolds number, which we call modified Orr-Sommldriequation. This equation is rewritten as an eigére problem
and is solved numerically using Matlab 7.0 (windowvession). The effect of small suction or smallettjon Reynolds

number on the linear stability fluid flow is discesl.

1. Introduction

The flow through porous boundaries is of great
importance both in technological as well as
biophysical flows. Examples of this are found in
soil mechanics, aviation industry, transpiration
cooling, food preservation, cosmetic industry,
blood flow and artificial dialysis. A large number
of theoretical investigations dealing with steady
incompressible laminar flow with either injection
or suction at the boundaries ([1,2]) have appeared
during the few decades. Several authors [3] have
studied the steady Ilaminar flow of an
incompressible viscous fluid in a two-dimensional
channel with parallel porous walls. Rioual et 4]. [
studied the power balance of a flat plate usedhas a
airplane wing and found that there is an optimum
speed of suction that reduces drag and weaken
energy consumption. Recent experimental studies
show that suction damps growth of disturbances
induced by free stream turbulence and transition is
delayed/prevented [5]. Aspiration may also be used
as a tool to induce transition , instead of thexgel

if for example the wall material chosen is not able
to provide continuous suction [6] or if it is apgdi
non-uniformly [7] and [8].

In this work, the flow of the incompressible
viscous fluid between two parallel horizontal
stationary porous plates with the assumption that
there is a constant small suction at upper plate an
a constant small injection at the lower plate is
considered. Speeds suction and injectaye
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assumed to be uniform and same standigrdsee
Fig. 1 below) [3]. The objective is to study the
effect of number R., of extradvective term
introduced in an Orr-Sommerfeld equation by small
suction velocity on the stability of the fluid flow
Such attempt has been made earlier by Davidsson
and Gustavsson [1,9] for the case of boundary
layers (a flat plat-law) with uniform wall suctidry
normalizing all components of the velocity with the
free stream velocity*. Before Davidsson and
Gustavsson, Bansal and Bhatnagar [10], and
Soundalgekar and Divekar [11]) studied the flow
quilt with suction at the stationary plate and
laminar slip-flow through uniform circular pipe
with small suction. All these studies confirmed the
stabilizing effect of small suction on the flow.

The paper is organized as follows. In Sec. 2, the
modified Orr-Sommerfeld equation governing the
stability analysis of two parallel horizontal posou
stationary plates, the Poiseuille flow, is checked.
In Sec. 3, an analysis of small suction (small
injection) Reynolds numbeR,, stabilizing effect
is investigated. The conclusion is presented in Sec
4.

2.  Moadified Orr-Sommerfeld Equation

The motion of a fluid is governed by various
conservation laws such as the law of conservation
of mass and the law of conservation of momentum.
The momentum of the fluid changes due to various
forces acting upon it and is governed by Newton’s
second law of motion. Fluids at low velocity as
compared to the speed of sound can be considered
incompressible, i.e., the density of the fluid is
constant. The stress acting on a fluid element may
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be linearly proportional to the local pressure and
velocity gradient. For an incompressible Newtonian
fluid the momentum and conservation equations
yield
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when written by Einstein’s summation convention.
These are the Navier-Stokes (N-S) and
conservation of mass equations, respectively. Here
% andi; are thei™ component of space and
velocity vectors, as commonly seen in the literatur
denoted by X*,§",Z* ) and @*,¥",W" ) in the
stream wise, wall-normal and span wise directions,
respectively. Also,p* is the pressure, is the
density andV is the kinematical viscosity of the
fluid.

We considered the viscous and incompressible
fluid flow between two parallel horizontal
stationary porous flat plates under a constant
gradient of pressure with small wall suction and
injection showing in Fig.1 below [3].
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Fig.1: Poiseuille porous parallel flat plates flow.

The coordinates (stream-wisethe wall-normaly

and span-wise) are scaled with the length scéle
(distance between the two walls). The stream-wise
and span-wise velocitias andw, respectively, are
scaled with the stream-wise free stream velodity
while the wall-normal velocity is scaled with the
characteristic velocity of suction and injecti®fj,.
The pressure is scaled withpU*2 and the time

t with E— . The Reynolds’ numbers used here are

hydrodynamic Reynolds numbdke=$ and

. vi,h* .
suction Reynolds numbek,, = % whereV is

the kinematical viscosity. We want to study the
linear stability of the flow at high hydrodynamic
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Reynolds numbeR, and small suction Reynolds
Rew (0 <Rg, <1 ) numbers flow. The non-
dimensional  Navier-Stokes and continuous
(conservation of mass) linearlized Eqns. (1) and
(2), where the variables are normalized as above,
take the following forms

0u 01 Ry, 00 _00_ 0P
ot " Yax TR, 'ay " Va7 0%
+— V24 3
. ©

0%V 0V Rg, 0V v R. 0P
it T+ W= ————
ot 0Xx R, 0¥ 0% Reg, 07
1 oo
+— Vv 4

+ Ri V2 )

0T | Re OV | OW
% = Re ay+ 0z 0 (6)

For the stability analysis, the flow is decomposed
into the mean flow and the disturbance according to

4; = Ui(r) + u;(r, D) (7)
p(r,t) = P(r) + p(r, t) (8)

We take the dimensional base flow for small
suction and injection [3]

Uy = (1-%) (©)
V=V, (10)
W=0 (11)

By scaling these velocities as above, we obtain
with h* = +1 the no-dimensional base flow

Uly) =(1-y? (12)
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(13)
(14)

To obtain the stability equations for 3-
dimensional spatial evolution, we take the
dependency on time disturbances

(uxy z0; v(x,y,z0; wxy,z1); pKxyzt)
(15)
which are scaled in the same way as above.

The pressure terms can be eliminated from
Navier- Stokes equations. For such a mean profile
(base flow), the divergence of Navier-Stokes and
continuity equations gives

Rew U OV

254 —
v p= Re 0y 0x (16)
The linearization of Egns. (4) and (16) gives
9 y2 9 g2y 4 Rew d pa, U0V _ 1 oy
atV v+UaXV v+ R, ayV \% 02 ax_ReV \'%
(17)

The disturbances are taken to be periodic in time i
both the stream-wise and span-wise directions,
which allow us to assume solutions of the form
f(x,y,2,t) = f(y)elx+hz—ev (18)
Where,f represents either one of the disturbances
u v, w or p andf the amplitude functionk,a =
kcos(0) and B = ksin(0) are the wave numbers,
w = ac, the pulsation of the wave with? =
~1,6 = (k,, k), ¢ = c. +ic; wave velocity, which
is taken to be complex, and and B are real
because of temporal stability analysis

consideration.
Then with Eqn. (18), Eqn. (17) becomes

ia[(U - )(D? — k) — U']0 = =2 D(D? — k)9 +

—(D? —k2)20 (19)

Where,D = diy, with boundary conditions for all
x%,,2,1)

v(£1)
b (20)
Taking
vp(x%,y,z,0) =v(xy,zt) -1 (21)
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Egn. (19) and the boundary conditions take the
forms

R .
[(U —ja =2 D) (D2 —k?) —-U
R.

| A
—ia 1R_e(D2 - k?*)?|9,
= c(D* - k*)9,
(22)
V,(£1) =0
{f’, (23)
V(£ =0

Egn. (22) is a flow equation modified by suction
Reynolds numbeR,,, (or the speed of suction and
injection), which we call modified Orr-Sommerfeld
equation, rewritten as an eigenvalue problem,
wherec is the eigenvalue, artg, the eigenfunction.

[(U —i a_l%D) (D? —k2) —U" —
ioc‘lRi(D2 - kz)z] and (D?-k?) are the
operators.

3.  Stability Analysis

We consider now 3-dimensional disturbances and
use a temporal stability analysis as mentioned
above. Withc complex as we have defined above,
whenc; < 0 we have stability and for; = 0 we
have neutral stability, and elsewhere we have
instability. We employ Matlab 7.0 (windows
version) in all our numerical computations to find
the eigenvalues. The Poiseuille parallel horizontal
stationary porous plates flow with the basic
velocity profile
U=(1-y» 1, 0) (24)

for R.,, small (i. e., small suction) is considered
[3]. The eigenvalue problem (Egn. (22)) is solved
numerically with the suitable boundary conditions.
The solutions are found in a layer bounded at
y =41 withU(£1) = (0, 1, 0). The results of
calculations are presented in the figures below. We
present the figures related to the eigenvalue
problem (Eqn. (22)).

For all these figures the black, red, green and
blue colors are, respectively, f®Re, = 0,Rq, =
0.5, R., = 0.75, R, = 1 and the yellow color is
for ¢; = 0.
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In each group of four figures, the first one is
figurea), the second is figuig) the third is
figure c) and the fourth is figurd).

For a fixed k=1, we get figure (2) @f vs.R,
for sequential values oB. Figurea) for6 =0,
figureb) for = 0.1m , figurec)for 6 = 0.2m and
figured) for 6 = 0.3m.

For a fixed k=1.02, we get figure (3) gfvs.R,
for sequential values o06. Figurea) for6 =0,
figureb) for = 0.1m , figurec) for 6 = 0.2m and
figured) for 6 = 0.3m.

For a fixed k=2, we get figure (4) @f vs.R,
for sequential values ®f Figurea) for6 =0,
figureb) for6 = 0.1m, figurec) for 6 = 0.2m and
figured) for 6 = 0.3m.

For a fixed k=3, we get Fig. (5) of vs.R,, for
sequential values of6. Figurea) for 6 =0,
figureb) for 6 = 0.1m , figurec) for 6 = 0.2m and
figured) for 6 = 0.3m.

Through Figs. 2 and 3, it is easy to see that the
stability increases wheR,., increases for alb
because for any family of curves of these figures
the slope falls when the suction Reynolds’ number
increases. The Reynolds’ critical numiry, for
which we have the transition becomes important
whenR,, increases (see Table 1), which confirms
that the wall small suction and injection have a
stabilizing effect on the viscous incompressible
fluid flow. Because oR.,, influences, we said that
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normalizing with the characteristic velocity of
suction/ injection is necessary for a perfect
command of the field of stability. In particularrfo
(Ree, = 0,k = 1.02, without suction and injection,
Fig. 3 black curve (a)) we fin®R.. =5772.17,
which corresponds exactly to the critical value
given by classical linear theory for a plane-
Poiseuille flow without suction and injection.

ForR., = 1, Egn. (22) is identical for the Eqn.
(2.28) found by Davidsson and Gustavsson [1]. For
this value of R, in the cases of Figs. 2 and 3 the
field of stability is more than the other small
suction Reynolds number for @ll

Note that for large valuk the case of the Figs.
4 and 5, there is stability without transition falf
value of6 andR.,, but when the small suctidt,,,
increases the field of stability decreases. We can
also say thak influences the stability of the flow
i.e., the growth of the wave number induces also
the stability of this flow. We therefore conclude
that in two parallel horizontal stationary porous
plates viscous and incompressible fluid flow, with
small suction and small injection, the small suttio
Reynolds number stabilize the flow for small wave
number but the high wave number effect is
important than small suction Reynolds’ number on
the fluid flow stability.

Table 1: Critical values

k =1.00 k =1.02
e Rea) REC REC
0.00r 0.00 5815.00 5772.17
0.00r 0.50 5822.80 5780.83
0.00r 0.75 5832.33 5790.88
0.00r 1.00 5845.56 5805.59
0.10rn 0.00 611417 6069.68
0.10rn 0.50 6122.13 6078.38
0.10m 0.75 6132.18 6089.00
0.10m 1.00 6146.03 6104.49
0.20m 0.00 7187.57 7135.25
0.20m 0.50 7197.25 7145.54
0.20m 0.75 7208.53 7158.28
0.20m 1.00 7225.20 7176.30
0.30m 0.00 9892.84 9820.66
0.30m 0.50 9905.71 9834.88
0.30m 0.75 9921.64 9877.03
0.30m 1.00 9944.31 9877.03
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4, Conclusion

In this paper, we have investigated the effect of
small suction Reynolds number on the stability of
the fluid flow between two parallel horizontal
stationary porous plates. We have shown that the
instability of the perturbed flow is governed by an
equation named modified Orr-Sommerfeld
equation. Moreover, we find that the normalization
of the wall-normal velocity with characteristic
small suction (or small injection) velocity is very
important for a perfect command of fluid flow
stability analysis. We noticed thak = 1.02 and
Rep, =0, we find R, =5772.17, which
corresponds exactly to the critical value given by
classical linear theory for a plane-Poiseuille flow
without suction and injection. We noticed also that
the high wave number stabilizes more than small
suction Reynolds number.
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