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Explicit field equations of a new scalar tensorottyeof gravitation proposed by the Sen-Dunn thesrgy obtained with
the help of a five dimensional FRW metric in the teoth of cosmic strings. Assuming a functional rielaship between the
metric potentials, the solutions of the field edureg are obtained in two cases: (i) geometric g#ri(i.e.,2 = p) and (ii)
massive strings (i.e4,+ p = 0). Some physical and geometric properties eftiiutions are also discussed in each case.

1. Introduction

It is well known that a gravitational scalar field,
beside the metric of the space-time, must exist in
the frame work of the present unified theories.
Hence, there has been much interest in scalarrtenso
theories of gravitation. Several theories are
proposed as alternatives to Einstein’s theory to
reveal the nature of the universe in the earlyestag
of evolution. The most important among them were
scalar-tensor theories proposed by Lyra [1], Brans-
Dicke [2], Nordtvedt [3], Wagoner [4] and Saez
and Ballester [5]. Sen and Dunn [6] have proposed
a new scalar-tensor theory of gravitation in which
both the scalar and tensor fields have intrinsic
geometrical significance. The scalar field in this

theory is characterized by the functiap= ¢(x')
where X' are coordinates in the four—dimensional

Lyra manifold and the tensor field is identifiecthwi
the metric tensorg; of the manifold. The field

equations given by Sen and Dunn [6] for the
combined scalar and tensor fields are

1 _ 1 _
Rj _Egin:C‘sz(%% _Egij(p,kqok)_qaz-rij (1)

Where, & is a dimensionless constai®; and R
are the usual Ricci-tensor and Riemann-curvature
scalar (in our unitsC = 871G =1), respectively.

In view of Kaluza-Klein theories [7-10], the
study of higher-dimensional cosmological models
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acquired great significance. An interesting
possibility, known as the cosmological dimensional
reduction process, is based on the idea that at the
very early stage all dimensions in the universe are
comparable. Later, the scale of the extra
dimensions becomes so small as to be unobservable
by experiencing contraction. This process was first
proposed by Chodos and Detweiler [11] who
showed that, in the framework of pure gravitational
theory of Kaluza-Klein, the extra dimension
contracts to a very small scale, while the other
spatial dimensions expand isotropically. Guth [12]
and Alvarez and Gavela [13] observed that during
the contraction process, extra dimensions produce
large amount of entropy. The geometrization of
gravitation by Einstein in his general theory of
relativity inspired several authors to geometrize
other physical fields. Weyl [14] proposed a unified
theory to geometrize gravitation and electro-
magnetism.

The study of string theory is important in the
early stages of the evolution of the Universe befor
the creation of particles. Cosmic strings have
received considerable attention in cosmology as
they are believed to give rise to density
perturbations leading to the formation of galaxies
[15]. The general relativistic treatment of strings
was initiated by Letelier [16,17] and Stachel [18].
Reddy [19], Reddy and Rao [20], Rahaman [21],
Rahaman et al. [22], Venkateswarlu, and Pavan
Kumar [23], Mohanty et al. [24,25] Singh et al.
[26], Pradhan [27-29], Pradhan and Mathur,[30]
Pradhan et al. [31,32] and Katore et al. [33] are
some of the authors who have studied various
aspects of string cosmologies in theory of relgtivi
as well as in alternate theories of gravitation.
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The strings that form the cloud are massive
strings instead of geometric strings. Each massive
string is formed by a geometric string with paggl
attached along its extension. This is simplest rhode
wherein we have particles and strings together. In
principle we can eliminate the strings and end up
with a cloud of particles. This is a desirable
property of a model of a string cloud to be used in
cosmology since strings are not observed at the
present time of evolution of the universe.
Motivated by the situations discussed above, i thi
paper, we investigate the five dimensional FRW
model in a new scalar-tensor theory of gravitation
proposed by Sen and Dunn [6] in the presence of
cosmic strings. Sec. 2 contains the five dimengiona
FRW metric and the field equations of this theory.
In Sec. 3, we present the solution of field equeio
obtained in the context of cosmic strings and also
discussed some properties of the models. The last
section contains concluding remarks on the models.

2. Metricand Field Equations

Here we consider the five dimensional FRW metric
of the form

dr?
1—kr?

2
ds? = —dt? + R%(t) +r2d@? +r?sin® Hd#}

+ A% (H)du )
Where,R(t) is the scale factor arld= 0, -1 or +1 is
the curvature parameter for flat, open and closed
universe, respectively. The fifth coordinatés also
assumed to be space like coordinate.

The energy momentum tensor for a cloud of
massive strings that can be written as

T, =puu; —AxX, (3

Here p is the rest energy density of the cloud of
strings with particles attached to them, is the
tension density of the strings angl=p, +1, p,

being the energy density of the particles. The

velocity u' describes the five — velocity, which has
components (1, 0, 0, 0,0) for a cloud of particles

and X' represents the direction of string which will
satisfy

u'y =-xx =1and u'x, =0 (4)
The direction of the strings is taken to be along X
— axis so that we haw = (0,0,0,0, 1/A). Now, the
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field equations for the metric (Eqn. (4)) can be
written as

.. .2 2
R R k L, W @
3—+3— +3—=Apl+=| = 5
R Y 2(;02 J ©)
R R° _RA A k _of g’
2=+ +2_+_+_2:_£ (6)
R R RA A R 2¢
R _RA .k wl ¢°
3— +3—+3—=pp’-=| L 7
R? RA R? Py 2| ¢ @
Where, the overhead ‘dot’ denotes ordinary

differentiation with respect to ‘t".

3. SolutionstotheField Equations

The field equationg5)-(7) are a system of three
equations with five unknown parameté&sR, ¢,
p andl. We need two additional conditions to get a
deterministic solution of the above system of
equations. Thus we present the solutions of the
field equations in the following physically
meaningful cases:
(i) The simplest relation between and A is the
proportionality relation, written ap = 1 where
B is a proportionality constant which gives rise to
the following three cases:

a. For =1, we get geometric strings (or)

Nambu strings

b. For g=-1, we get massive strings

and (ii) a functional relationship [34] between the

metric functionsA andR of the form

A=R" 8)

Where, h' is an arbitrary constant.

3.1. Geometric strings (or) Nambu strings

(thecasep=A1)

Now the field equations (5)-(7) together with (8)
reduces to

2

R R 2k
Z+(Mm+2)— +—— =0 9
R ( )R2 (2m+1)R? ©



The African Review of Physics (2018)0026

Case 3.1.1: Flat model (k=0)
In this case the field equation (9) admits the
solution

1

R(@) = [(m+3)(at+b)] ™3 ...

(10)

Where, ‘a’ and ‘b’ are integrating constants. Thus
the general solution of the field equations (5)-(7)
can be written as

1

R(t) = [(m+3)(at+b)] ™

m

At) = [(m+3)(at+b)] ™ (11)
and the scalar field is given by
P=@(ct+c,) " 12)
Where, % is an arbitrary constant and

1

1

- 2(3+3m)
w(m+3)?
Egn. (11) in Egns. (5)-(7), the string energy dgnsi
p and the tension densitybecome zero. Hence, it

is observed that cosmic geometric strings do not
co-exist with the scalar field in this theory.

2
} , m<-1. By making use of

Case 3.1.2: Closed model (k =1)
From Eqn. (9), we have

2

B+(m+2)£2 +;2:0 (13)
R R 2m+1R
whose first integral is
2 = —; - (2m+4) (14)
2m+ 4)(2m+1)

Where, t' is an integrating constant. Eqn. (14)
admits a closed form solution only d@f = 0, and
hence its solution is given by

2t+c,/n
Jn

Consequently, we have

R(t) = (15)

171
2t+c3\/ﬁ "
t)y=| ———— 16
Alt) [ /n J (16)
together with the scalar field
(”(t) =% (2t + C3) P3 (17)

Where, ¢, is an integrating constant and

Ps =1/_—3m; n=-(m+2)4m+2) ,
w

—2<m<—£.
2

Thus the metric (Egn. (4)) in this case takes the
form

ds =

]

dr2 2 52 2 nz
1_r2+rd +r2sir 8d¢?

(18)

dtcan ),
| —= du
Jn

The string energy densify and tension density
are
p=2A=-129°m(m+ 2)2t + czy/n) @2 (19)

The energy conditions vizg,>0, and A >0 are

identically satisfied only for-2<m< —% . When
m= -1, Egns. (21)-(23) reduces to

R(t) = (c; +v2t)

At) = (cs+v2)™ (20)

The corresponding scalar field takes the form

o) = g (et +c,) (21)
The kinematical parameters are
p=A=12g7 @+ cV2)* " (22)
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g 22
(c; +/2t)

Uﬁl_
9 (\/Et+cs)

V“Zx/qz(\/zt+c3)2

(23)

.
2

In this case also we observe that the extra
dimensionA(t) contracts to a small size whiR{t)
expands with an increase in tinf&inceq > 0, for
m=-1, the ‘closed’ model exhibitgshe non-
existence of inflation in Sen-Dunn’s theory of
gravitation. The ‘closed” FRW model also
possesses a line singularity as
8- O,V — OO,R(t) — OO,A(t) -0 whent - oo,
The volume is increasing indefinitely with the
increase in time.

Case 3.1.3: Open model (k = -1)
Here the field equations (5)-(7) together with (8)
reduce to

R
R

-2
R 2
rmrA

em+DRE (24)

J(m+2)(@m+2) 1+r2

dg = ~dt’ + [3+c4\/(m+2)(4m+2)}2{ dr’

The string energy densify and tension density
are

P=A=-g*12m(m+ 2)(2t+ c,/(M+ 2)(dm+2)) @
(29)

The energy conditions vizg>0 and A>0

are identically satisfied for -2<m<0. If

1
m=-=, we have
4
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The first integral of above equation is
52 - 4 —-(2m+4) (25)
(2m+ 4)(2m+1)

Since we are looking for a closed form solution of
Egn. (25), we take = 0 and hence Egn. (25) on
integration yields

2t +c,/(m+ 2)(4m+2)
J(m+2)(4m+2)

R(@) =

and (26)

A = 2t +c,,/(m+2)@m+2) |
J(m+2)(dm+2)

The scalar field is obtained as

Q= ¢0(2t +C,4/(M+ 2)(4m + 2))"4

(27)

Where, C, is an integrating constant and

p4: —_3rn,m<0.
N w

Thus the metric (Eqn. (4)), for open FRW
model, takes the form

A (m+2)(4m+2)

2m
+12d6? + 12 sin? quf} + (Zt +Cay(m+ 2)(m + Z)J du?

(28)
A) = { @} (30)
@t) = ¢ (2 +§c4) & (31)

And the kinematical parameters are given by
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. 11 The scalar field is obtained as
Scalar expansiond =
4t+c4ﬁ
P=@y(Cst +¢4) s (37)
Shear scalar g = 13 ! (33) Where,cs ,andcgare arbitrary constants, and
32 (4t +c,7 j - 1 '
_| —6(m+1) |2
u | a(m+3)? |
) 4 4t +c4\/7 4 . .
Spatial volume V* =,/-g = By making use of Eqns. (35) and (36) in Egns.
J7 (5)-(7), the string energy densijtyand the tension

density L become zero. Hence it is observed that
—ai 1 cosmic massive strings do not co-exist with the
a2 =1—1 scalar field in this theory.

Deceleration parameteq =

Case 3.2.2: Closed model k =1

Thus extra dimensiod\(t) contracts whereaR(t) In this case Eqn. (34) reduces to the form

expands indefinitely with time ifm<-2The
‘open’ model also possesses a line singularity as .. -2

0- 0V - o,R() - oAl) -0 when t - . g+(m+2)£2 +£2:O (38)
The volume is increasing indefinitely with the R R
increase in time. Sinag> 0, there is no inflation in . . .
this model. which admits the solution
3.2. Massvestrings(p+ A =0)i.e,when _ \/Et+c7,/—(m+ 2)
R(t) =
B=-1 J-(Mm+2)
In this case we consider Eqns. (5)-(7) togethehn wit
Eqn. (8) yields _ "
Alt) = v Fme | (39)

i RY 2k J(m+2)

—+(m+2)—2 +—2:0 (34)

R R R

9= ¢,(2t+c,4n) P (40)
Case 3.2.1: Flat model
Whenk = 0, Egn. (34) on integration yields Where, gis arbitrary constant and
1
L 0 _[m(2m+1)}2
RO = [(M+3)(cst +¢;)] ™I (35) L )
and Thus the metric (Egn. (4)) takes the form
At) = [(m+3)(cst +c5)] ™ (36)

4¢ = —ap + | Y2+o =M+ A | r2e? + 12 sir? Bdg? |+ V2 +c/-(m+2) dGf (41
J-(m+2) 1-r? J=(m+2)

and the corresponding scalar field is given by Eqn.  and the particle densitp , the scalar expansion
(46).

The string energy density tension density
are given by

8, the shear scalar, spatial volumeV and the
deceleration parametgqrare given by

p==4 =g’ 2mm+2)\2t+ c,Vn) P (42)
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p, = 4 m(m+ 2)(W2t + c7\/ﬁ) 2ps-2) Case 3.2.3: Open model k = -1
In this case Eqn. (34) reduces to the form
8= m R R 2 2
(ﬁﬁcﬂ/ﬁ) E+(m+2)? —E:O (44)

_ l:l (7m2 —12m+9) :l; @3 Eqgn. (50) on integration yields
9 (2t +c,n)’
R() :{\/Et+cs,/(m+ 2) (45)

V4=\/§=(ﬁ“cﬂ/ﬁ]m J(m+2)

Jn

Alt) = ( V246 (m+2) (46)
V(m+2)

o=@ (2t+cf(m+2) % (47)
Again the extra dimensior\(t) is amenable for

contraction if m<-2 The dominant energy Where, gis arbitrary constant and
conditions implies thato >0 and p? > A%. These 1

- . . m(2m+1) |2
energy conditions do not restrict the sign /of p, =|————| .
accordingly the expressions given by Eqn. (42) w )
satisfies all these conditions. We observe that Thus the metric (4) takes the form

q:—aa:_ m
a? (m+3)

ﬁ_T =2. Sinceﬁ—‘i >1, thus we may conclude that

the particles dominate over the strings in this

model. This model has no singularitytat 0 and
undergoes expansion with time.

2 2m
d< = —dt? + [\/Et:'/(cs;\](r27;+2)] {lil’:z +r2d82+rzsin28d(/72}+ (\Etj/((?s— \/(n;"'Z)] du? (48)
m+ m+2

The string energy density, tension density, , %
are given by o= E!?m —12m+9! (50)
9 (2t +c,4/n)?

0 =-A=g?2m(m+ 2) (2t +Cgyf(m+2) P2

(49) e — [V
v _\/_g_{ J(m+2) ]

The particle densityp,, the scalar expansiod,

the shear scalaw, spatial volumeV and the

deceleration parametgrare given by q= —ad L
a2 (m+73)

p, = 4@ m(m+ 2)(V2t + cg4/n) P2
From Eqns. (50) and (51), it is clear that the escal

factors R(t) and A(t) increase indefinitely. Thus

g :M there is no compactification of extra dimension in
(\/Et +c7\/ﬁ) open FRW string cosmological model. Further the

energy density, tension density. of the universe
is positive throughout the evolution except
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is free from initial
line singularity at

-2<m<0. This model
singularity but possesses

t:—c—\/g_,/(m+2) The energy density of the
2

universe increases with increase of cosmic time

4, Conclusions

In this paper, we have considered the higher
dimensional Friedmann-Robertson-Walker space-
time in Sen-Dunn theory of gravitation in the
context of cosmic strings. The solution of thediel
equations are obtained and discussed in three
different scenarios, namely, (i) geometric strings
(i.e.,A = p ) and (ii) massive strings (i.el,+ p =

0). It is observed that the power indexmfof the
metric potential has a range of values for whiah th
scalar field is real. Sincen has a specific range of
values, it is noticed that the extra dimension is
amenable for reduction. Thus we may conclude
that the scalar field in Sen-Dunn theory plays a
significant role for the reduction of extra dimeorsi

in the context of cosmic strings.
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