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We present approximate solutions of the both the modified Klein–Gordon (MKGE) and modified Schrödinger equation (MSE) 
containing the modified Hulthén and modified Kratzer potential using the procedure of Bopp’s shift method and perturbation theory in 
addition to the Greene–Aldrich approximation method of handling centrifugal barriers. This study is conducted in the relativistic and 
nonrelativistic non-commutative 3-dimensional real space (RNC: 3D-RS) and (NRNC: 3D-RS) symmetries, respectively. The Hulthén–
Kratzer potential model is extended to include new radial terms. Furthermore, this potential model is proposed to study some selected 
diatomic molecules, namely N2, I2, CO, NO and HCl. The ordinary Bopp’s shift method and perturbation theory are surveyed to get 

generalized excited states energy as a function of the shift energy and the energy nlE  of the HKP model.  Furthermore, the obtained 

perturbative solutions of the discrete spectrum were dependent on Gamma function, the discreet atomic quantum numbers  mslj ,,,  

and the potential parameters ( ee DrV ,,,0  ), and the NC-parameters, which are generated with the effect of (space-space) non-

commutative properties. We have also applied our results on diatomic-molecules with spin-0 and spin-1, and have shown that the 
modified Klein-Gordon equation MKG under the MHKP model becomes similar to the Duffin–Kemmer equation. 
  

 

 

1. Introduction 

It is well recognized that the Hulthén potential [1] plays an 
essential role in several fields. For example, it is used to study 
the optical properties of quantum dots [2]  , cosmic strings in the 
relativistic scales [3]  and it has been applied to sub-atomic and 
atomic scales, such as nuclear and particle physics, atomic 
physics, condensed matter and chemical physics [4,5]. 
Furthermore, it is one of the important shortrange potentials in 
physics, which finds applications in a wide range of physical 
systems [5, 6]. In addition to that, it characterizes two important 
features, at a short distance; its behavior becomes identical to the 
screened coulomb potential, while for large distance, it becomes 
a decreasing exponential potential [4]. It is worth noting that the 
Kratzer-like potential can be used to describe the atomic, 
molecular physics, vibrational and rotational spectroscopy [7].  

    Currently, researchers became more interested in the state of 
combination between than two potentials or more than two 
potentials, such as a combination between the modified Kratzer 
potential plus screened Coulomb potential [8] and between 
Hellmann and Kratzer potential model [9]. We have studied the 
solutions of the modified Schrodinger equation with generalized 
Hellmann–Kratzer potential model in the symmetries of 
NRNCQM[10].  

    In 2019 H., Louis et al. studied the K-state solutions to the 
Dirac equation for the quadratic exponential-type potential plus 
Eckart potential and Coulomb-like tensor interaction using 
Nikiforov-Uvarov method [11]. We have studied the Klein–

Gordon equation with modified Coulomb potential plus inverse-
square root potential and the modified Coulomb plus inverse-
square potential in the non-commutative 3-dimensional space 

[12-13].  

    Here we present a new model to describe Heavy-Light Mesons 
in the extended non-relativistic quark model under a new 
modified potential containing Cornell, Gaussian and inverse 
square terms in the symmetries of NCQM [14].  Very recently, J. 
A., Obu et al. [6] applied the Hulthén–Kratzer potential model to 
the study of the diatomic molecules N2, I2, CO, NO and HCl. In 
this work, we are motivated by  many recent studies, such as the 
non-renormalizable electroweak interaction, quantum gravity, 
string theory, the noncommutative relativistic and nonrelativistic 
quantum mechanics that has attracted much attention of physical 
researchers [15-21]. The noncommutativity in space-time is not a 
new idea, it was first proposed by W. Heisenberg in 1930 and 
then it was developed by H. Snyder in 1947. Currently, there are 
several studies concerning the search for solutions to the various 
three basic equations in the relativistic and nonrelativistic state.  

    This work focuses on applying principle and the foundations 
of non-commutative theory [22-32]. The main objective to this 
work is to develop the work done by J. A., Obu, et al. and 
expanding in the symmetries of NCRQM and NCNRQM for the 
purpose to get more investigation in the microscopic scales and 
from achieving more scientific knowledge of elementary 
particles in the field of nanotechnology. The relativistic and 
nonrelativistic energy levels under modified Hulthén–Kratzer 
potential model have not been obtained yet in the context of the 
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NCRQM and NCNRQM. Furthermore, we hope to find new 
applications and profound physical interpretations using a new, 
updated model of the modified Hulthén–Kratzer potential, which 
has the following form: 
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    The potential parameters will be defined in the next section. 
The new structure of RNCQM and NRNCQM based to new 
covariant non-commutative canonical commutations relations 
CNCCRs in Schrödinger, Heisenberg and Interactions pictures 
(SP, HP and IP), respectively, as follows [33-42]: 
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    We have generalized the CNCCRs to include HP and IP. It 
should be noted that, in our calculation, we have used the natural 

units 1 c .  Here eff  is the effective Planck constant, 

    (  is the non-commutative parameter), which are 
infinitesimals parameter if compared to the energy values and 

elements of antisymmetric 3 × 3 real matrix and   is the 

identity matrix.  The symbol    denote to the Weyl Moyal star 

product, which is generalized between two ordinary functions 

   xgxf  to the new modified form        xgxfxgxf ˆˆˆˆ  in 

the symmetries of (RNC: 3D-RS) and (NRNC: 3D-RS) as 
follows [43-50]:       
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The indices are  3,1,  , while  2O  stands for second and 

higher-order terms of the non-commutative parameter. 

Physically, the term (
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) in the Eqn. (3) 

presents the effects of space-space non-commutative properties.  

    Furthermore, the new unified two operators 

    tpxtH
 ˆor ˆˆ  and     tpxt III

 ˆor ˆˆ   in HP and IP 

are depending on the corresponding new operators  

 pxH ˆor ˆˆ   in SP from the following projections relations, 

respectively:   
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Where the three unified coordinates   pxS or   , 

    tpxtH
 or   and     tpxt III

 or   are 

represented in three relativistic quantum mechanics pictures, 

whereas the dynamics of new systems 
 

dt

ˆd tH  is described by 

the following equation of motion in the modified Heisenberg 
picture, as follows: 
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The operators hmk
orĤ  and 

hmk
rĤ are the free and global 

Hamiltonian for Hulthén–Kratzer potential model while hmk
orncH 

ˆ  

and hmk
rncH 

ˆ  the corresponding Hamiltonians for MHKP model.  

    The present investigation aims at constructing a relativistic 
and non-relativistic non-commutative effective scheme for the 
modified Hulthén–Kratzer potential model. The rest of this 
manuscript is organized as follows: In the next section, we 
briefly review the Klein-Gordon equation with Hulthén–Kratzer 
potential model based on Ref. [6]. Section 3 is devoted to the 
study of modified Klein-Gordon equation MKGE by applying 
the ordinary Bopp's shift method and to obtain the effective 
potential of MHKP model. We find the expectation values of the 

radial terms, r/1 , 
3/1 r  and

4/1 r . Section 4 is devoted to 
obtaining the results and a discussion of the energy shift for the 

generalized 
thn excited states, which is produced by the effects 

of perturbed spin-orbital and the generated new Zeeman 
interactions in the RNCQM. Then, we determine the energy 
spectra of diatomic molecules N2, I2, CO, NO, and HCl under 
MHKP model in the RNCQM symmetries. After that, we discuss 
the non-relativistic limits. The final section will be devoted to 
results and conclusions. 
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2. Revised Bound-state Solutions of Klein-Gordon Equation 
for Arbitrary l-state with Linear Combination of Hulthén 
and Kratzer Potentials in RQM 
 
As already mentioned, our objective is to obtain the spectrum of 
modified Klein-Gordon equation with a modified Hulthén–
Kratzer potential model in (RNC: 3D-RSP) and (NC: 3D-RSP) 
symmetries, we need to revise the corresponding Hulthén–
Kratzer potential model in symmetries of ordinary relativistic 
quantum mechanics RQM [6] 
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Where, eD  is the dissociation energy, er  is the equilibrium inter-

molecular separation, 20 ZeV   is the depth of the potential, 

  is the adjustable screening parameter, ee DrB 2  and

2
eerDC  . To achieve this goal of our current research it is 

useful to make a summary for the Klein–Gordon equation KGE 
with Hulthén–Kratzer potential model for a system of reduced 
mass   of diatomic molecules such as N2, I2, CO, NO and HCl 

in 3-dimensional relativistic quantum mechanics [6]: 
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 (7)          

The vector potential )(rVhmk  is due to the four-vector linear 

momentum operator  0),( ArVA hmk


  and the space–time 

scalar potential )(rShmk , nlE  represents the relativistic 

rotational-vibrational energy eigenvalues in 3-dimensions, n  

and l  represents the vibrational and rotational quantum numbers, 
respectively. Since the Hulthén–Kratzer, potential model has 
spherical symmetry, allowing the solutions of the time- 
independent KGE of the known form

      ,,, m
lnl YrRr  , where   ,m

lY  denotes the 

spherical harmonic function, and  is the ordinary 3-
dimensional Laplacian operator. To eliminate the first order 
derivative, we introduce a new radial wave function to the form

   rrRrU nlnl  , thus Eqn. (7) become:  
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With the equal scalar and vector potential being taken as the 

generalized hyperbolic potential,    rSrV hmkhmk  we obtain 

the following second order Schrodinger-like equation: 
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The shorthand notation  rV hmk

eff
    rVE hmknl 2
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  .The complete wave function 

as a function of the Jacobi polynomial and the spherical 
harmonic functions is given by [6]: 
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 and nB is the normalization constant. The 

relativistic energy nlE  of the potential in Eqn. (6) are given by 

[6]:     
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3. Solutions of MKGE under MHKP Model in 
(RNC:3D-RS) and (NRNC: 3D-RS) Symmetries 

 At the beginning of this section, we shall give and define a 
formula of modified Hulthén–Kratzer potential model in the 
symmetries of relativistic noncommutative three-dimensional 

real space (RNC: 3D-RS). To achieve this goal , it is useful to 
write the modified Klein-Gordon equation by applying the notion 
of Weyl-Moyal star product, which we have seen previously in 
the the Eqn. (3), on the differential equation that is satisfied by 

the radial wave function  rU l  in Eqn. (8), thus, the radial wave 

function  rU l  in (RNC: 3D-RS) symmetries become:  
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We know that the Bopp’s shift method has been applied 
effectively and has succeeded in simplifying three basic 
equations modified Schrödinger equation MSE ,MKGE and 
modified Dirac equation MDE with the notion of star product to 
the Schrödinger equation SE, KGE and Dirac equation DE with 
the notion of ordinary product, respectively [12-14,36,40-47]. 
The results of the application of this method were very useful 
and yielded promising results in many physical and chemical 
fields. The method reduced MSE, MKGE and MDE to the SE, 
KGE and DE, respectively, under the simultaneous translation in 
space. The CNCCRs with star product in Eqn. (2) become new 
CNCCRs without the notion of star product as follows [41-49]: 
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The generalized positions and momentum coordinates   SS px
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and   tpx HH


ˆ,ˆ  in the symmetries (RNC: 3D-RS) and (NRNC: 

3D-RS) are defined in terms of the corresponding coordinates 
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,  via [43-51]: 
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This allows us to find the operator   

 L222

d
rrr d

ncd  in 

the symmetries of (RNC: 3D-RS) and (NRNC: 3D-RS) [43-47], 

with 
d

ncr  denote to the diatomic molecule distance in NCQM. It 

is convenient to introduce a shorthand notation which will save 

us a lot of writing rrd
nc ˆ  and

22 rr
d
 . In this notation the 

previously relation reduced to


 L222 ˆ rrr . The 

coupling 


L  equal  132312  zyx LLL  , here xL ,

 yL and zL  are present the usually components of angular 

momentum operator 


L  while the new non-commutative 

parameter   equal 2/ .  According to the Bopp shift 

method,  Eqn. (12) becomes similarly to the following like the 
Schrödinger equation [12,13,23] (without the notions of star 
product): 
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The new operator  rVhmk ˆ  can be expressed as: 
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After straightforward calculations, we can obtain the following 
results: 
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Which, allows us to obtain 
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Where 
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So we can rewrite the new modified radial part (new differential 
equation) of the MKGE in the symmetries of (RNC: 3D-RS) as 
follows: 
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  (20)     

Moreover, to illustrate the above equation in a simple 
mathematical way and attractive form, it is useful to enter the 

following symbol  rV hmk

effnc
, thus the radial Eqn. (20) becomes: 
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With: 

     rVrVrV hmkhmkhmk

effperteffeffnc 
                 (22)                                      

Where,  rV hmk

effpert
 is given by the following relation: 
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By making the substitution Eqn. (19) into Eqn. (21), we find 

 rV hmk

effpert
 in the symmetries of (RNC: 3D-RSP) as follows: 
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 (24)      

The Eqn. (21) cannot be solved analytically for any state because 
of the centrifugal term and the studied potential itself. Therefore, 
in the present work, we considered the following approximation 
type suggested by Greene and Aldrich and Dong et al. for them 
[6, 53-55]: 
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This allows us to obtain the following results: 
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This gives the perturbative effective potential as follows:
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Where,     CEll nlnl   214
.This allows to 

applying standard perturbation theory to determine the 

nonrelativistic energy shift hmkE  of diatomic molecules such as 

N2, I2, CO, NO and HCl at first order of the infinitesimal parameter 
  due to non-commutativity of space-space properties. The 
Hulthén–Kratzer potential model is extended by including new 

terms proportional with the radial terms ( r/1 , 
3/1 r  and

4/1 r ) to 
becomes MHKP model in (RNC-3D: RSP) and (NRNC-3D: RSP) 

symmetries. The additive part  rV hmk

effpert
 of the new effective 

potential  rV hmk

effnc
 is proportional to the infinitesimal vector

zyx eee 131211 


. This allows us to consider 

physically that the additive effective potential  rV hmk

effpert
 as a 

perturbation potential compared to the main potential (parent 

potential operator  rV hmk

eff
) in the symmetries of (RNC: 3D-RS) 

and (NRNC-3D: RSP), that is, the inequality 

   rVrV hmkhmk
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  has become achieved.  That is, all the 

physical justifications for applying the time-independent 
perturbation theory become satisfied. This allows us to give a 
complete prescription for determing the energy level of the 

generalized 
thn  excited states. Now, we apply the perturbative 

theory, in the case of RNCQM, we find the expectation values
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wave function which we have seen previously in the Eqn. (10) . 
After straightforward calculations we obtain the following results: 
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Where )exp( rs  , this allows us to obtain
s

ds
dr
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After introducing a new variable sz 21 , we have
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Eqn. (27) in that case have the following form: 
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We have applied the property of the spherical harmonics, which 

has the form        ddYY m
l

m
l sin,, '

'  '' mmll  . 

For relieving the burden of writing, we will provide useful 

abbreviation  mln
AmlnAmln

,,
,,,,  . For the ground 

state 0n , we have
   112,2

0
00 

 zP ll G
n


, thus the expectation 

values in Eqn. (28) reduce to the following simple form: 
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Comparing Eqn. (29) with the integral of the form [56]: 
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We obtain the expectation values as: 
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For the first excited state 1n , we have
    zbazP ll G  112,2

1
11 , the expectation values in Eqn. 

(28) reduce to the following simple form: 
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A direct simplification to Eqn. (33) gives: 
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Comparing Eqns. (35.1) and (35.2) with the integral (Eqn. (31)), we have the expectation values as: 
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Where, lll GD 111 22   . Our current research is divided into 

two main parts, the first part corresponds to replace the coupling 
of angular momentum operator with non-commutativity 

properties 


L  by the new equivalent coupling 


 SL  (with

  2/12
13

22
12 23

 ), we have chosen the vector




parallel to the spin 


S  of diatomic molecules such as (N2, I2, CO, 

NO and HCl) and then we replace 


 SL  by











  222

2
SLJ .  Furthermore, in the quantum mechanics 

the operators ( hmk
rncH 

ˆ ,
2J , 2L , 

2S and )zJ  forms a complete 

set of conserved physics quantities CCPQ, the eigenvalues of the 

operator 









 222

SLJ are equal the values 

)1()1(  lljj )1(  ss , with sljsl  . 

Consequently, the energy shift  sljnE ,,,0  and 

 sljnE ,,,1 due to the perturbed spin-orbit coupling which 

produced by  the effect of perturbed effective potential 

 rV hmk

effpert
 for the ground state, the first excited state in (RNC: 

3D-RS) symmetries as follows: 
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Where,  1()1()1(
2
1)(  sslljjlk . Which can be generalized easily to the thn  excited states in (RNC: 3D-RS) 

symmetries as follows: 
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The second is corresponding to replace both (


L  and 12 ) by 

( zL12  and 12 , respectively), we have also need to apply 

''''',',',, mmllnnz mmlnLmln   (with    ',', mmll 

 ',ll ). All of this data allow for the discovery the new 

energy shift  mnEhmk ,  due to the modified  perturbed 

Zeeman effect which generated  by  influence of the perturbed 
effective potential 

for the ground state, the first excited state in (RNC: 3D-RS) symmetries as follows: 
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Which can be generalized easily to the thn  excited states in (RNC: 3D-RS) symmetries as follows: 
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4. Results and Discussions  
 
In this part, we report our results on based to the superposition 
principle, which permitted to deduce the additive energy shift 

 msljnE ,,,,0 and  msljnE ,,,,1  due to the 

spin-orbital complying and modified Zeeman effect, which is 

induced by   rV hmk

eff
  for the ground state, the first excited state 

in (RNC: 3D-RS) symmetries as follows: 
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This can be generalized easily to the thn  excited states in (RNC: 3D-RS) symmetries as follows: 
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The above results present the energy shift, which is generated by 
the effect of non-commutative properties of space-space; it 
depended explicitly with the non-commutative parameters

 , . It is should be noted that the obtained effective energy

 msljnEhmk ,,,,  under the modified Hulthén–Kratzer 

potential model have a carry unit of energy because it resulted 

from the perturbed effective energy (
22

nl
E  ) combined with 

the same energy value square and mass square, where we have 
the principle of equivalence between mass and energy at higher 

energy. This allows us to conclude the energy

 msljnDrVE ee
hmk

ncr
,,,,,,,,0 

 , in the symmetries of (RNC: 

3D-RS), corresponding the generalized 
thn  excited states, as a 

functions of the shift energy  msljnEhmk ,,,,  and nlE  due 

to the effect of Hulthén–Kratzer potential model in RQM, as 
follows: 
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Where nlE  is the relativistic energy in RQM, which obtained 

from Eqn. (11). Now, we want to apply Eq. (30) on the diatomic 
molecules N2, I2, CO, NO and HCl with non-null spin, for the 

special case 1S , we have 11  ljl , thus we have 

three values of llj ,1 , allows us the corresponding three 

values         22,2,
2

1
,, 321  lllklklk  and thus, we 

three values of energy:
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The new factor  eenl DrVlnE ,,,,,, 0  is determined from the following expression: 
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For the case of spin-0, j  equal only one value lj  , 

which allows us to obtain   0,, sljk . Thus the modified 

energy can be determined according to the following new 
generalized formula: 

 
   2/1

0

0

,,,,,,

,,0,,,,,,

mDrVlnE

EmlsljnDrVE

eenl

nlee
hmk

ncr










(46)        

    On the other hand, it is evident to consider the quantum 
number m  takes ( 12 l ) values and we have also three 

values for llj ,1 , thus any state in ordinary 3-

dimensional space of energy for the diatomic molecules with 
spin-1 under modified Hulthén–Kratzer potential model will 

become triplet  123 l sub-states. To obtain the total 

complete degeneracy of energy level of the modified 
Hulthén–Kratzer potential in the symmetries of (RNC: 3D-
RS), we will have to sum for all allowed values of angular 

momentum quantum number 1,0  nl . Total degeneracy 

is thus, 
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 (47)                                                   

    It is clear that the degeneracy of the initial spectral is 
automatically broken and replaced by a more precise entity. 
The triplet of the total complete degeneracy of energy level 
for the diatomic molecules with spin-1, in RNCQM 
symmetries under the modified Hulthén–Kratzer potential 
model, gives very clear physical indicator shows that physical 
treatments with RNCQM appear more detailed and clarity if 
compared with similar energy levels obtained in ordinary 
relativistic quantum mechanics. In order to consider further 
the interpretation of the positive and negative energy 
solutions of the MKGE, one can consider the nonrelativistic 
limit. For this purpose, we apply the following 
transformations:  
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Here  msljnDrVE ee
hmk

ncnr
,,,,,,,,0 

 is the non-

relativistic energy in (NRNC: 3D-RS) symmetries, inserting 
above transformation into Eqn. (43) yields: 
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Where, nlnrE   is the non-relativistic energy in the 

symmetries of nonrelativistic quantum mechanics and is 
given in Ref. [8] as follows: 
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Where,   )1(2411
2

1 2  llrD ee . In the 

non-relativistic Schrödinger equation Eq. (49) can apply to 

hydrogen like atoms such as 
He , 

Be  and 2Li , we 

have 2/12/1  ljl , allows us to obtain two values 

( 2/1 lj ) which gives        1,
2

1
, 21  lllklk  

and thus, we obtain two values of the energy shift 

 msljnEnr

hmk
,,,,  as follows: 
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0 (51)         
    The above results of the degenerate energy shift and Eqn. 
(38) gives the nonrelativistic energy 

 msljnDrVE ee
hmk
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,,,,,,,,0 

 of a fermionic particle 

with - 2/1S under the modified Hulthén–Kratzer potential 
model: 
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     Thus, one can conclude that the MKGE becomes similar 
to the Duffin–Kemmer equation, which describes bosonic 
particles with spin non-null. It should be noted that our 
current results are an excellent agreement with our previously 
published work and other works in the context of NCQM 
[10,12,13, 22, 23, 55,57,58]. It is worthwhile to mention that 

for the two simultaneously limits    0,0,   , we 

recover the results of the commutative space obtained in Ref. 
[6] For the MHKP model. This means that our present 
calculations are correct. 

 

5. Conclusions  

This section of our paper gives a summary of the basic points 
in our work. We have investigated the MKGE and MSE for 
the MHKP model in the relativistic and nonrelativistic non-
commutative three-dimensional spaces. The energy 

 mljnDrVE ee
hmk

ncr
,,,,,,,0 

 due the non-commutative 

property corresponding the generalized 
thn  excited states as 

a function of the shift energy  msljnEhmk ,,,,  and nlE  

due to The MHKP  model is obtained via first-order 
perturbation theory and expressed by the Gamma function, 

the discreet atomic quantum numbers  mslj ,,,  and the 

potential parameters ( ee DrV ,,,0  ), in addition to non-

commutative two parameters ( and ).  

    This behavior is similar to the perturbed modified Zeeman 
Effect, and modified perturbed spin-orbit coupling in which 

an external magnetic field is applied to the system, and the 
spin-orbit couplings which are generated with the effect of 

the perturbed effective potential  rV hmk

pert
 in the symmetries 

of relativistic and nonrelativistic non-commutative 3-
dimensional real space.  

     Therefore, we can conclude that the MKGE becomes 
similar to the Duffin–Kemmer equation under MHKP model, 
it can describe a dynamic state of a particle with spin one in 
the symmetries of RNCQM. We have seen that the physical 
treatment of MKGE under the MHKP model for the diatomic 
molecules with spin-1 gives a very clear physical indication 
that physical treatments with RNCQM appear more detailed 
and clarity if it compared with similar energy levels obtained 
in ordinary relativistic quantum mechanics. The 
nonrelativistic limits were treated and the results related to 
RQM under the Hulthén–Kratzer potential model becomes a 
particular case when we take simultaneously two limits

   0,0,   . The comparisons show that our theoretical 

results are in very good agreement with reported works.  
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