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This paper investigates the role of chirality and its impact on the electronic band structure and the density of states 
in armchair and zigzag single-walled carbon nanotubes. Electronic band structures and the density of states for 
various chirality values has been analytically studied and verified using simulation approach. It has been observed 
that with the increase in chirality, the total number of bands in the electronic band structure gets increased and 
more Van Hove singularities appears in its density of states, which further increases the current capability of the 
CNTs.  The analytical study of band gap and the density of states at Fermi energy (E=0) has been carried out and 
compared with the data obtained from simulations. The results suggest that the simulated values agree well with 
the analytical values thus validating the results. The paper also analytically verifies the metallic and 
semiconducting behavior of the single-walled CNTs.  

 
  

1.  Introduction 

Carbon nanotubes (CNTs) have gained tremendous 
attention since these tubes were fabricated by 
various groups [1-3]. The way the graphite sheet is 
wrapped is represented by the chirality (n, m), 
which is an important parameter in designing a 
CNT. There is a need to investigate it further for the 
role it plays in the structure of a CNT [4]. If n = m = 
l, where l is an integer, the nanotube formed is 
known as armchair single walled (SW) CNT and if 
n = l & m = 0, a zigzag SWCNT is formed, whereas 
for all other combinations of n and m give rise to a 
chiral carbon nanotube [5-6]. Wilder et al [7] 
further classified the CNTs and showed that a 
SWCNT with n – m = 3l, where l is zero or any 
positive integer are metallic and thus conducting 
with a fundamental gap of 0.0 eV.  If the equation n 
– m = 3l is not satisfied, the SWCNT behaves as a 
semiconductor with a fundamental energy gap with 
chirality (n, m), which can be calculated by the 
equation 

Eg = 
�������
�(	
��)

                                            (1)  

where �� (tight binding energy) and ���� (carbon-
carbon spacing) are constants. The diameter of a 
SWCNT can be represented as a function of n and 
m are [4-6] 

d(SWCNT)(nm) = 0.0783√�� +�� + �� (2)                                           

Mathematically, the total number of bands in each 
electronic band structure depends on chirality (n, m) 
and can be calculated by the equation 

N bands = 
�(���	���	��)

�� 	(����,			����)                         

(3) 

where gcd stand for greatest common divisor. The 
electronic density of states in CNTs was studies by 

 

Mintmire et al [8] in 1998 and the electronic 
behavior of SWCNTs was first observed using 
scanning tunneling microscopy by Wilder et al [7] 
and Odom et al [9] during 1998.  

    Later, the electronic density of states of 
SWCNTs have been characterized and compared 
with the results of (13, 7) and (12, 6) SWCNT 
obtained using tight binding calculation, which 
shows good agreement between experimental and 
tight binding calculations [10]. Ouyang et al [11] 
have confirmed in an experiment that the zigzag 
SWCNTs of chirality (9, 0), (12, 0) and (15, 0) have 
small band gaps from which they obtained a 
mathematical expression by fitting, but in our work 
these tubes show zero band gap.  

    Recently the band gaps and radii of metallic 
zigzag SWCNTs were calculated using density 
functional theory [12] and were compared with the 
results of Ouyang et al [11] but the effect of 
chirality on SWCNT performance has not been 
discussed in any of the research papers published so 
far. 

    This paper investigates the chirality dependence 
in armchair and zigzag SWCNTs on their electronic 
band structure and the density of states, which 
subsequently verifies the metallic and 
semiconducting behavior of SWCNTs. 

  

2. Analytical Expressions for Electronic Band 
Structure of SWCNTs 

In this section, we have derived the electronic band 
structure for CNTs from graphene band structure. 
To proceed, we start from the derivation of 2D 
electronic band structure of graphene which can be 
expressed as [13]
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E (") = E ("#,	"$) = ± �� %1 + 4()* +√,-.�� / ()* +-0�� / + 4()*� +-0�� /1
�2�

                                   (4) 

 

where kx and ky are the x and y components of the 
wave vector k, γ0 ≈ 2.7 eV is the overlap energy for 
C-C bond and a = 0.246 nm is the graphite lattice 
constant. The negative sign in Eqn. (4) denotes 
valence bands of graphene formed by bonding π 
orbitals while the positive sign in Eqn. (4) denotes 
conduction bands of graphene formed by 
antibonding π* orbitals.  At temperature equal to 
0K, all of the electrons occupy the lower π band and 
the upper π* band is empty.  

    The electronic band structure of a CNT can be 
obtained from the electronic band structure of 
graphene by quantizing the wave vector	" along the 
circumferential direction of carbon nanotubes. If we 
consider a CNT as an infinitely long cylinder, there 
are two wave vectors associated with it. The wave 
vector k| |, which is parallel to CNT axis and is 
continuous while the wave vector k⊥, which is 
along the circumference of a CNT, should 
satisfy a periodic boundary condition  

k⊥. Ch =     π  d (SWCNT)  k⊥ = 2π p                                                     (5) 

where d (SWCNT) is the diameter of a SWCNT and 
p is an integer. 

    As a result, each band of graphene splits into a 
number of 1-D sub-bands labeled by p. This 
boundary condition leads to quantized values of 
allowed k⊥ for SWCNTs. Then, the 1D band 
structure of SWCNTs can be obtained from 
cross-sectional cutting of the band structure of 
2D graphene with these allowed k⊥ states. This 
is called zone- folding scheme of obtaining the 
band structure [14-17]. 

2.1 Derivation for Electronic Band Structure of 
armchair SWCNT 

 

An armchair SWCNT has chirality (n, m) = (l , 
l), where l  is an integer. In this SWCNT, the 
tube axis is parallel to y-direction and the 
circumference represents the x-direction (Fig. 
1). Since the circumference of armchair 
SWCNT is 

Ch = 	�√�� +	�� + ��	 
      = �√5� +	5� + 5� = √35a 

So, Ch =√35�78 
Therefore, the periodic boundary condition 
(Eqn. (5)) then becomes  

kx Cx = 2πp;  

kx √35� = 2πp;   

kx = 
�9:
√,;�                                           (6)   

After putting the values of p and l in equation 
(6), we see that the allowed values of kx lie 
parallel to the ky -axis (as shown in Fig. 1). It 
can also be seen from Fig. (1) that the lines of 
quantized circumferential wave vector kx 
intersect the graphene Fermi points, therefore, 
the armchair SWCNT is metallic with no 
bandgap.  

Again, by putting the values of kx from equation 
(6) to equation (4), we get the 1D band 
structure of armchair SWCNT and can be 
calculated as 

E ("$) = ± �� %1 + 4()* +9:; / ()* +
-0�
� / + 4()*� +-0�� /1

�2�
                 (7) 

 

where <−1 ≤ "$ ≤ 1? and the index p takes the 

values p = 0, 1, 2, 3, 4, 5, …, [
@A�BCDEF

�  -1]. NA-bands 

are the number of bands in electronic band structure 
of armchair SWCNT. Each band structure of 
armchair SWCNT yield 4l energy sub-bands with 2l 
conduction and 2l valence bands and of these 2l 
bands, two bands are non-degenerate and l-1 are 
doubly degenerate. The sub-bands obtained for p = 
± 0 & ± l are non-degenerate and doubly degenerate 
for other values of p. The degeneracy comes from 
the two sub-bands with the same energy dispersion, 
but different p-values. 
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Fig.1 2D First Brillouin zone of graphene and 
allowed wave vector lines shows metallic behavior 
of armchair SWCNT. 
 

2.2 Derivation for Electronic Band Structure of 
zigzag SWCNT 

A zigzag SWCNT has chirality (n, m) = (l, 0) where 
l is an integer. In this SWCNT, the tube axis is 
parallel to x-direction and the circumference 
represents the y-direction. Since the circumference 
of zigzag SWCNT is: 

Ch = �√�� +	�� + ��	 

= �G5� +	0� + 0.0 = 5�	 
So,  Ch = 5�J8  
Therefore, the periodic boundary condition (Eqn. 
(5)) then becomes  

ky Cy = 2πp;   

ky 5� = 2πp;   

ky = 
�9:
;�                                                    (8) 

By choosing the value of p and l, we see that the 
allowed values of ky lie parallel to the kx-axis as 
shown in Fig. (2) where the first Brillouin zone of 
graphene is shown as a shaded hexagon with the 
Fermi points at the six corners. In Fig. 2(a), the 
lines of quantized circumferential wave vector ky 
intersect the graphene Fermi points, which means 
that the zigzag SWCNT is metallic without a band 
gap, whereas in Fig. 2(b) the lines of quantized 
circumferential wave vector ky do not intersect the 
graphene Fermi points, which means that the zigzag 
SWCNT is semiconducting with a band gap.  

By putting the values of ky from Eqn.  (8) to 
eqn.  (4), we get the 1D band of structure 
zigzag SWCNT and can be calculated as:   

 
 

Fig. 2  2D First Brillouin zone of graphene and allowed wave vectors lines leading to (a) metallic zigzag 
SWCNT (b) semiconducting zigzag SWCNT.

E ("#) = 	±	�� %1 + 4()* +√,-.�� / ()* +9:; / + 	4()*� +9:; /1
�2�

                                               (9) 

 

where (−1 ≤ "# ≤ 1) and index p takes the values 

p = 0, 1, 2, 3, 4, 5, --------, [
@L�BCDEF

� 	-1]. NZ-bands are 

the number of bands in electronic band structure of 
zigzag SWCNT. 

 

3. Results and Discussion 

In this section, we have discussed the effect of 
chirality of armchair and zigzag SWCNTs on their 
electronic band structures and density of states 
simulated using pz orbital tight binding method.  

 

 

These results are obtained from the nanohub 
simulator CNT Bands [18] in which the chirality (n, 
m) of the tube is varied while the tight binding 
energy (3eV), carbon-carbon spacing (0.142nm), 
length of nanotube (5nm) are fixed parameters.  

 

3.1 Effect of chirality on electronic band 
structure in armchair SWCNT 

The electronic band structures of armchair SWCNT 
for chiralities: n = m = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
and 12 as shown in Fig. (3). Each electronic band 
structure is symmetric, that is, E (ky) = E (-ky) and 
describes the energy-momentum relationship for 
carriers within the first Brillouin zone. Each 
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continued line is an allowed level of energy for 
carriers or a sub-band. The sub-band closest to the 
equilibrium Fermi level (E = 0) is of particular 
interest, since they are usually the levels giving rise 
to current. The dashed lines sub-bands are non-
degenerate bands, whereas the solid lines sub-bands 
are degenerate bands. The degeneracy comes from 
the two sub-bands with the same energy dispersion. 
Therefore, in each band structure of armchair 
SWCNT, the upper and lower conduction as well as 
valance bands are non-degenerate while other bands 
are doubly degenerate. 

 

    It can be also seen from the Fig. (3) that with the 
increase in chirality in armchair SWCNT by 1, the 
total number of bands in its electronic band 
structures increases by 4, which further indicates 
that the number of carriers increases so that the 
current capability of armchair CNT increases. Also, 
in each electronic band structure of armchair 
SWCNT, the upper valance band and lower 
conduction band cross each other at Fermi energy 
(E = 0), therefore, each armchair SWCNT exhibits 
metallic behavior. 

 

 
 

      
                  Fig. 3 Electronic band structures of armchair CNT for different chirality values. 

 

The validation of simulated electronic band 
structures in armchair SWCNT. In general, an 
armchair SWCNT has chirality (n = m = l). By 
putting this chirality value in Eqn. (3), the total 
number of bands in each band structure is NA-bands = 
4l. Now, for l = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and  

 

12, that is, for (n, m) = (1, 1), (2, 2), (3, 3), (4, 4), 
(5, 5), (6, 6), (7, 7), (8, 8), (9, 9), (10, 10), (11, 11) 
and (12, 12) we get, the total number of bands for 
these chirality values = 4, 8, 12, 16, 20, 24, 28, 32, 
36, 40, 44, and 48. Hence, mathematically, we can 
say that with the increase in the chirality (n, m) = (l, 
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l) in armchair SWCNT by 1 and the total numbers 
of bands in its electronic band structure are 
increased by 4. For each chirality value, the 
equation n – m = 3p, where p is an integer, is 
satisfied. It means all armchair SWCNTs shows 
metallic behavior with zero band gap. Further, each 
electronic band structure of armchair SWCNT 
satisfies Eqn. (7). Hence, the simulated description 
of electronic band structures in armchair SWCNT 
match very well with mathematical description thus 
validating, both the simulations as well as analytical 
description. 

 

3.2 Effect of chirality on electronic band 
structure in zigzag SWCNT 

The electronic band structures in zigzag CNT for 
chirality n = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12 
are shown in figure 4. It can be seen here that each 
electronic band structure is different from electronic 
band structure of armchair SWCNT (figure 3) but 
the number of bands in its electronic band structures 
are the same in armchair electronic band structures,  

 that is, with the increase in chirality value n in the 
zigzag CNT by 1, the number of bands in its 
electronic band structure also increases by 4. In the 
electronic band structure of (3, 0), (6, 0), (9, 0) and 
(12, 0) zigzag SWCNTs, the upper valance band 
and lower conduction band cross each other at 
Fermi energy (E = 0) and it shows metallic 
behavior. For electronic band structures of chiral 
values (1, 0), (2, 0), (4, 0), (5, 0), (7, 0), (8, 0), (10, 
0), and (11, 0) of zigzag SWCNT, there is a gap 
between upper valance and lower conduction band 
and show semiconducting behavior. As the chirality 
of the semiconducting zigzag CNT increases, the 
gap between upper valance and lower conduction 
band decreases, which further indicates that the 
energy required to move the electrons from valance 
band to conduction band decreases and which in its 
turn increases the current capability of 
semiconducting zigzag SWCNT. In all the 
electronic band structures of zigzag SWCNTs, the 
upper valance and lower conduction bands are 
doubly degenerate. 
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     Fig. 4 Electronic band structures of zigzag single-walled CNT for different chirality values. 

 

    Validation of simulated electronic band structure 
in zigzag SWCNT. In general, a zigzag CNT has 
chirality (n = l, m = 0). By putting this chirality 
value in Eqn. (3), the total number of bands in each 
band structure are N bands = 4l. For l = 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, and 12, that is, for (n, m) = (1, 0), (2, 
0), (3, 0), (4, 0), (5, 0), (6, 0), (7, 0), (8, 0), (9, 0), 
(10, 0), (11, 0) and (12, 0), the total number of 
bands for these chiral values of zigzag SWCNTs are 
4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, and 48. 
Hence, mathematically, we can say that with the 
increase in the chirality (n, m) = (l, 0) in a zigzag 
SWCNT by 4, the total number of bands in its 
electronic band structure is increased by 4. For   

 

 

chiral values (3, 0), (6, 0), (9, 0) and (12, 0), the 
zigzag SWCNT shows metallic behavior because it 
satisfies the equation n – m = 3p where p is an 
integer.  For chiral values (1, 0), (2, 0), (4, 0), (5, 0), 
(7, 0), (8, 0), (10, 0), and (11, 0), the zigzag 
SWCNTs show semiconducting behavior because 
equation n – m = 3p is not satisfied. Each electronic 
band structure in zigzag SWCNT satisfies equation 
(9). The band gap of semiconducting zigzag 
SWCNT is inversely related to its chirality as the 
diameter is directly related to chirality. Hence, the 
simulated description of electronic band structures 
of zigzag SWCNT match very well with 
mathematical description thus validating, both the 
simulations as well as analytical description.  
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Fig. 5 Electronic density of states of armchair CNT for different chirality values. 

 

 

 

Fig. 6 Simulated density of states of armchair SWCNT. 

 

3.3 Effect of chirality on electronic density of 
state in armchair SWCNT 

Electronic density of states in armchair SWCNTs 
for chirality values n = m = 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, and 12 are shown in Fig. 5.  Each electronic 
density of state tells us about the number of allowed 
states at certain energy. Each state can 
accommodate up to 2 electrons having different 
spins. This is Pauli’s exclusion principle.  At the 
Fermi energy (E ≈ 0), the density of state is finite in 
each diagram, which means that all armchair 
SWCNTs are metallic in nature. Sharp peaks in the 
density of states, called Van Hove singularities, 
appear at specific energy levels. Further it can be 
seen from Fig. (5) that as the chirality of the 
armchair SWCNT is increased; numbers of sharp 
peaks in the density of states are observed which 
means more electronic states are available for 

current conduction. If we write v1, v2, v3, . . . are the 
Van Hove singularities in the valance band and c1, 
c2, c3, . . . are the Van Hove singularities in the 
conduction band, then the transition from v1 to c1 
(first symmetric van hove singularities) is around 
3eV for the (1, 1) armchair SWCNT. This transition 
from v1 to c1 decreases as the chirality of the 
armchair SWCNT increases. The simulated value of 
density of states at E ≈ 0 (Fig. (6)] is 3.46172e + 07 
eV/cm for each chirality in armchair SWCNT. 
Mathematically, the density of states at E ≈ 0 can be 
calculated [19] as 

 D (E ≈ 0) = 
M

√,9��	����
 = 

M
√,∗,.O�∗,PQ∗�.O��∗O��RS  

= 3.44e + 07 (eV*cm)-1, which is 0.02 times less 
than the simulated value. Hence, the simulated 
values of density of states at Fermi energy are in 
good agreement with the calculated values. 
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                                   (a)                                                  (b)                                                     (c) 
 

Fig. 7 Electronic Density of States of zigzag single-walled CNT for different chiralities 
 

 
3.4 Effect of chirality on density of states in 

zigzag SWCNT 

Electronic density of states in zigzag SWCNTs for 
chirality values n = 1, 2, 4, 5, 6, 7, 8, 10, 11, 12, 21 
and 24 are shown in Fig. 7.  It has been observed 
that for chiralities (6, 0), (12, 0), (21, 0) & (24, 0), 
the value for density of state is finite at Fermi 
energy (E ≈ 0), which indicates that these zigzag 
SWCNTs show metallic behavior [see Fig. 7(a)].  

    For chirality values (1, 0), (2, 0), (4, 0), (5, 0), (7, 
0), (8, 0), (10, 0), & (11, 0), there is a zero value for 
density of states at Fermi energy (E ≈ 0), which 
indicates the semiconducting behavior (see Figs. 
7(b) and &(c)). In Fig. 8(b) and 8(c), it can also be 

seen that the energy required to move the electrons 
from valance states to conduction states (called 
band gap denoted by Eg) decreases with the increase 
in chirality, which further indicates that the current 
capability of semiconducting zigzag SWCNTs 
increase. Therefore, this feature of semiconducting 
zigzag SWCNT can be useful for high performance 
MOSFET applications. Further, the comparison of 
simulated and calculated band gap of zigzag 
SWCNT is also shown in Table 1 indicating good 
agreement. For each metallic zigzag SWCNTs, the 
simulated value for density of states at (E  0) 
[figure (8)] is 3.60283e + 07 while the calculated 
density of states at (E  0) is 3.44e + 07, which is 
0.16 times smaller than the simulated value

 
Table 1 Comparison of simulated with calculated band gap of semiconducting zigzag CNT 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

 

Zigzag chirality 
   (n = l, m = 0) 

   Simulated  
band gap [18] 

Calculated  
band gap (eq. 1) 

    (1, 0) 6 eV 10.881 eV  

    (2, 0) 4 eV 5.440 eV 
    (3, 0) 0 eV 0 eV 
    (4, 0)  2.4853 eV 2.720 eV 
    (5, 0) 2.2918 eV 2.176 eV 
    (6, 0) 0 eV 0 eV 
    (7, 0) 1.4819 eV 1.554 eV 
    (8, 0) 1.4078 eV 1.360 eV 
    (9, 0) 0 eV 0 eV 
    (10, 0) 1.0534 eV 1.088 eV 
    (11, 0) 1.0150 eV 0.989 eV 
    (12, 0) 0 eV 0 eV 



The African Review of Physics (2017) 12: 0015 
 

112 

 

 
 

 
 

Fig. 8 Simulated density of states of metallic zigzag SWCNT 

 

4. Conclusions 

Impact of changing chirality in armchair and zigzag 
single-walled CNT on electronic band structures 
and density of states has been studied. It has been 
verified analytically that with the increase in 
chirality both in armchair and zigzag single-walled 
CNTs by 1, the total number of sub-bands in their 
electronic band structure increase by 4.  It has been 
further verified analytically as well as by 
simulations that all armchair SWCNTs shows 
metallic behavior, whereas zigzag SWCNTs shows 
both metallic as well as semiconducting behavior. 
Finally, it has been concluded that the metallic 
SWCNTs are useful for interconnects and 
semiconducting SWCNTs are useful for electronic 
devices. 
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